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Chapter 1

Harmonic oscillators and
the SU(N) algebra

1.1 Generalities on the algebraic approach to
quantum theory

In this first part, we will start with some algebraically solvable problems. The
key to this approach is the observation that the quantum theory of any physical
system can be viewed as a unitary irreducible representation of the algebra of
observables. We will explore and elucidate the meaning of unitarity and irre-
ducibility as we get deeper into various examples we consider. Our approach
will be more of a bottom-up approach, moving from the particulars to an ap-
preciation of the general. However, a few general observations can be useful at
this point. The operator algebra for the observables cannot be just any algebra.
We need a way to connect the operators or elements of the algebra to the real
numbers we can measure in the laboratory. Thus a certain notion of a norm on
the algebra is necessary. A notion of conjugation is also needed to give meaning
to hermiticity of an operator. The minimal requirements would then character-
ize the observables as a C∗-algebra. (Additional requirements such as Poincaré
invariance would be needed for a relativistically invariant field theory context.)

Let us specify, for completeness, the definition of a C∗-algebra. Recall that
an algebraA can be considered as a linear vector space in the sense that elements
of the algebra can be added with coefficients in a field, say, complex numbers
for us. Thus if A, B ∈ A, then λ1A + λ2B ∈ A, for λ1, λ2 ∈ C. Further
we need a norm ||A|| for the elements of the algebra and we want to impose
completeness with respect to this norm. If we also require that we have an
associative multiplication law for elements of the algebra and that this obeys
the Schwarz inequality in the sense ||AB|| ≤ ||A|| ||B||, then A is a Banach
algebra. Finally, we need a ∗-operation which is an additional requirement

2
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making A into a Banach ∗-algebra. The ∗-operation obeys the requirements

(A+B)∗ = A∗ +B∗

(λA)∗ = λ̄ A∗

(AB)∗ = B∗A∗

(A∗)∗ = A

(The adjoint operation on matrices is an example of this.)

A C∗-algebra is a Banach ∗-algebra with the additional requirement that
||A∗A|| = ||A||2. By a theorem of Gel’fand and Naimark, a C∗-algebra is
equivalent to the Banach algebra of operators on a Hilbert space that contains
the adjoint along with each operator.

Having made these general statements, we will not use them very much.
We will discuss examples and try to evolve into an appreciation of the general
framework. In fact, we will start with something very elementary, the harmonic
oscillator in quantum mechanics.

1.2 The one-dimensional oscillator

We start by considering a one-dimensional harmonic oscillator characterized by
the angular frequency ω. The Hamiltonian of this oscillator is given by

H =
1

2

(
p̂2 + ω2q̂2

)
(1.1)

where the operators corresponding to the position (or coordinate) and momen-
tum, i.e., q̂ and p̂, respectively, satisfy the well-known Heisenberg algebra

[q̂, p̂] = i . (1.2)

(We use units in which ~ = 1.) We can change variables for these operators,
parametrizing them as

q̂ =

√
1

2ω
(a† + a) , p̂ = i

√
ω

2
(a† − a) (1.3)

The new operators a† and a are known as the creation and annihilation opera-
tors, respectively. We can invert the relations given above and express a† and
a as

a =

√
ω

2
q + i

p√
2ω

, a† =

√
ω

2
q − i p√

2ω
. (1.4)

In the above expressions, and in what follows, we omit the hats for operators.
Using the commutation relation (1.2), we find

[a, a†] = 1 . (1.5)
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This can be considered as an alternative presentation of the Heisenberg algebra.
From (1.4), we can easily find

a†a =
ω

2
q2 +

p2

2ω
− 1

2
, (1.6)

H = ω

(
a†a+

1

2

)
. (1.7)

The positivity of the operator a†a can be seen from the relation

〈α|a†a|α〉 =
∑
λ

〈α|a†|λ〉〈λ|a|α〉 =
∑
λ

|Cλα|2 ≥ 0 (1.8)

where |α〉 and |λ〉 denote arbitrary states, and Cλα = 〈λ|a|α〉 and C∗λα =
〈α|a†|λ〉. We have also used the completeness relation

∑
λ |λ〉〈λ| = 1. The

ground state may be obtained by minimizing the expectation value of a†a. From
(1.8), the lowest possible value is zero and hence we need Cλ0 = 〈λ|a|0〉 = 0, for
any choice of |λ〉. Thus we can define the ground state |0〉 to be specified by

a|0〉 = 0 , H|0〉 =
ω

2
|0〉 . (1.9)

We have to still show that such a state exists. This equation, in the x-diagonal
basis, may be written as 〈x|a|0〉 = 0. Using the expression of a in (1.4), we find
that this equation can be written as(√

ω

2
x+

1√
2ω

∂

∂x

)
〈x|0〉 = 0 . (1.10)

The solution to this equation is given by

〈x|0〉 = C exp

(
−ω x

2

2

)
(1.11)

where C is a normalization constant. We have found a normalizable wave func-
tion for the ground state; this guarantees the existence of the ground state |0〉.

Since a acting on the ground state annihilates it, the only thing we can do
to get another state is the application of a†. We can easily verify that

[H, a†] = ω a† (1.12)

which leads to

H a† |0〉 = a†H |0〉+ ω a†|0〉 = ω (1 +
1

2
) a†|0〉 . (1.13)

Thus a†|0〉 is an eigenstate of the Hamiltonian with eigenvalue 3
2ω. Higher

excited states can be constructed from |0〉 by the multiple application of the a†’s.
Accordingly, the energy spectrum of the oscillator becomes discrete. The list of
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states and corresponding energies for the one-dimensional harmonic oscillator
is given below.

State |0〉 a†|0〉 1√
2
(a†)2|0〉 · · · 1√

n!
(a†)n|0〉

Energy 1
2ω

3
2ω

5
2ω · · ·

(
n+ 1

2

)
ω

(1.14)

On the states |n〉 = (1/
√
n!)(a†)n|0〉, we can work out the action of the

operators a and a† as

a |n〉 =
√
n |n− 1〉 , a† |n〉 =

√
n+ 1 |n+ 1〉 . (1.15)

This constitutes an explicit representation of the Heisenberg algebra.

There are many other ways to represent the Heisenberg algebra. For exam-
ple, we can take

a =
∂

∂z
, a† = z (1.16)

with the understanding that these act on holomorphic functions f of the complex
variable z. If we take the inner product to be

〈α|β〉 =

∫
d2z1

π
e−z̄z f̄α fβ (1.17)

then we can check that a and a† are adjoints, as required. (This representation
(1.16, 1.17) is the so-called coherent state representation.) So the question
arises: Is this a brand new representation and, if so, which representation should
one use for the quantum theory? The following theorem assures us that this is
not quite a new representation, but is related to the one in (1.15) by a unitary
transformation.

Theorem 1.1 (Stone–von Neumann Theorem) For any finite number of oper-

ators ai, a
†
i obeying the Heisenberg algebra, there is only one irreducible repre-

sentation up to a unitary transformation, provided the underlying phase space
(of xi, pi) is simply connected.

Since unitarily equivalent descriptions give the same physics in quantum
mechanics, there is no ambiguity; use of any representation will give the same
physical results.

Another useful remark may be that the existence of the ground state for the
oscillator arises from the fact that the Hamiltonian for the oscillator is bounded
from below If we have a Hamiltonian which is not bounded below, then there is
no ground state in general.
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1.3 The two-dimensional oscillator

We now consider application of a similar analysis as in the previous section
to two-dimensional oscillators. Operators p, q, a, a† are now labeled by a
directional index i = 1, 2, say, corresponding to x and y directions. We will
consider an isotropic oscillator so that its angular frequency remains the same
in both directions; ω ≡ ω1 = ω2. The algebra of ai and a†j can be expressed as

[ai, a
†
j ] = δij , [ai, aj ] = 0, [a†i , a

†
j ] = 0 . (1.18)

This can be interpreted as two copies of the Heisenberg algebra (1.5). The
Hamiltonian of the oscillator is given by

H = ω(a†1a1 + a†2a2 + 1)

= ω(n1 + n2 + 1) (1.19)

where ni denotes the number operator ni = a†iai (i = 1, 2). The ground state
|0〉 is defined by

a1|0〉 = a2|0〉 = 0 . (1.20)

The first excited state is then given either by a†1|0〉 or a†2|0〉. Using the fact that
the operators in different directions commute with each other, we can easily find
that the action of n = n1 +n2 on a†i |0〉 becomes 1 · |0〉. This means that the first
excited state is a degenerate state of energy ω with degeneracy equal to 2. We
may denote the states as |1, 0〉 and |0, 1〉 in the notation |n1, n2〉 for eigenstates
of the number operators n1 and n2. Higher excited states can analogously be
constructed. For n = n1 + n2 > 1, a set of degenerate states can be written, up
to normalization, as

(a†1)n|0〉 , (a†1)n−1a†2|0〉 , · · · , (a†2)n|0〉 . (1.21)

All these states have the same energy and thus the degeneracy is given by n+1.
These states can generally be labeled as

|n1, n2〉 =
(a†1)n1

√
n1!

(a†2)n2

√
n2!
|0〉 (1.22)

whose energy eigenvalues are given by En1,n2
= ω(n1 + n2 + 1) = ω(n+ 1).

We can also work out the action of the basic operators ai, a
†
i on these states

as

a1 |n1, n2〉 =
√
n1 |n1 − 1, n2〉 ,

a2 |n1, n2〉 =
√
n2 |n1, n2 − 1〉 ,

a†1 |n1, n2〉 =
√
n1 + 1 |n1 + 1, n2〉 ,

a†2 |n1, n2〉 =
√
n2 + 1 |n1, n2 + 1〉 . (1.23)
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We have thus obtained a representation of the two-dimensional Heisenberg al-
gebra on the vector space spanned by the vectors |n1, n2〉.

Going back to the discussion of the states, notice that the second one among
the states in (1.21) is obtained from the first by replacing one a†1 by a†2, or by the

application of the operator a†2a1. More generally, the operators which connect
the degenerate states |n1, n2〉, with n = n1 + n2 fixed, are given by

K− = a†2a1 , K+ = a†1a2 . (1.24)

Actions of these operators can be described explicitly as below:

(a†1)n|0〉
a†2a1−⇀↽−
a†1a2

(a†1)n−1a†2|0〉
a†2a1−⇀↽−
a†1a2

(a†1)n−2(a†2)2|0〉
a†2a1−⇀↽−
a†1a2

· · ·

We can also calculate the commutator of K+ and K− to obtain

[K+,K−] = a†1a1 − a†2a2 ≡ 2K3 . (1.25)

where we defined a new combination K3 = 1
2 (n1 − n2). Further K3 is easily

verified to satisfy the relations

[K3,K+] = K+ , [K3,K−] = −K− . (1.26)

The operators K± and K3 are all that we need to describe the degenerate
states. The algebra formed by these operators is the three-dimensional angular
momentum algebra or the O(3) algebra. Notice that there are no physical
pictures of angular momenta here since we are considering the two-dimensional
oscillator. It is just that the the same mathematical structure arises as the
algebra connecting various degenerate states. As we shall see below, the angular
momentum algebra is also equivalent (or isomorphic) to the SU(2) algebra. The

maximum value of K3 = 1
2 (a†1a1 − a†2a2) among the set of degenerate states is

given by n/2 ≡ j. Drawing on our knowledge of angular momentum theory, it is
easy to see that there is a Casimir operator K2 = K2

3 + 1
2 (K+K−+K−K+) which

commutes with K± and K3. In terms of j, this quadratic Casimir operator can
be expressed as

K2 = K2
3 +

1

2
(K+K− +K−K+) = j(j + 1) . (1.27)

Notice that K± are not hermitian operators, but are hermitian conjugate to
each other; hermitian combinations can be obtained as

K1 =
K+ +K−

2
, K2 =

K+ −K−
2i

. (1.28)

In terms of the Ki (i = 1, 2, 3), the algebra takes the more familiar form

[Ki,Kj ] = iεijkKk . (1.29)
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We now consider matrix representation of the angular momentum algebra,
equivalently, the algebra (1.29). The lowest nontrivial case is given by n = 1,
with the degeneracy being 2. The corresponding two states can be labeled by
a†1|0〉 ≡ |1〉 and a†2|0〉 ≡ |2〉. In terms of these, the matrix elements of the

operator K+ = a†1a2 are expressed as(
〈1|K+|1〉 〈1|K+|2〉
〈2|K+|1〉 〈2|K+|2〉

)
=

(
0 〈1|1〉
0 〈2|1〉

)
=

(
0 1
0 0

)
= K+ . (1.30)

where we use the relations

K+|1〉 = a†1a2a
†
1|0〉 = 0 ,

K+|2〉 = a†1a2a
†
2|0〉 = a†1|0〉 = |1〉 (1.31)

and the orthogonality of the two states, i.e., 〈1|2〉 = 〈2|1〉 = 0. Similarly we can
easily find

K− =

(
0 0
1 0

)
, K3 =

(
1
2 0
0 − 1

2

)
. (1.32)

This means that for n = 1 the matrix representation of Ki (i = 1, 2, 3) is
essentially given by the Pauli matrices σi, i.e., Ki = 1

2σi which obey the algebra
(1.29).

For n = 2, there are three degenerate states which are given by

|1〉 ≡ (a†1)2

√
2
|0〉, |2〉 ≡ a†1a

†
2|0〉, |3〉 ≡

(a†2)2

√
2
|0〉 . (1.33)

By use of these states, in an analogous way to what was done for n = 1, we can
calculate Ki as (3× 3) matrices with the result,

K+ =

 0
√

2 0

0 0
√

2
0 0 0

 , K− =

 0 0 0√
2 0 0

0
√

2 0

 , K3 =

 1 0 0
0 0 0
0 0 −1

 .

(1.34)
As is well-known, these expressions form a (3× 3)-matrix representation of the
angular momentum algebra.

More generally, the degree of degeneracy for the n-th level of the two-
dimensional isotropic oscillator is given by n + 1 and, in this case, Ki become
(n+ 1)× (n+ 1) matrices which obey the angular momentum algebra

[Ki,Kj ] = iεijkKk . (1.35)

Alternatively we can begin with the algebra (1.35), say A, viewed as an abstract
algebra, the Ki not necessarily being matrices. This algebra has many matrix
realizations, of dimensions (n + 1), n = 0, 1, 2, etc. The Ki are hermitian
(n+ 1)× (n+ 1) matrices. Thus the transformations generated by the Ki which
are of the form exp(iKiθ

i) are unitary matrices. We may thus say that the
matrix representations we found are unitary representations of the algebra A.
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In summary, we find that degenerate states of a two-dimensional harmonic
oscillator form a unitary representation of the angular momentum algebra. In
other words, we find that the degenerate states give a unitary representation of
the algebra (1.35).

Lie’s theorems

We shall now show how the algebra (1.35) is the same as the SU(2) algebra.
We first consider the group SU(2) which can be defined as

SU(2) = {set of all 2× 2 unitary matrices with det = 1} (1.36)

As mentioned before, a 2 × 2 unitary matrix is expressed as an exponential of
a 2 × 2 hermitian matrix times i. A general 2 × 2 hermitian matrix can be
parametrized by φ1 + θi σi2 where φ and θi (i = 1, 2, 3) are real parameters and
the σi are the 2× 2 Pauli matrices. Thus a general 2× 2 unitary matrix can be
expressed as

g = exp
(
i
(
φ1 + θi

σi
2

))
. (1.37)

From the condition det g = 1, we find that we need φ = 0. For this it is easiest
to use the relation det

(
eM
)

= eTrM which holds for an arbitrary matrix M .
The most general SU(2) matrix is thus parametrized as

g(θ) = exp
(
i
σi
2
θi
)

(1.38)

where θi are continuous real parameters. Thus each element of the group is la-
beled by the value of the continuous parameters θi, hence SU(2) is a continuous
group. The group composition law which takes the form of matrix multiplica-
tion gives the rule for composing the values of the parameters as well. In other
words, the relation

g(θ) g(θ
′
) = g(θ

′′
) (1.39)

specifies θ
′′

as a function of θ and θ
′
. With some analyticity requirements on this

function, the continuous group becomes a Lie group. (For a proper definition,
see the appendix.) The corresponding algebra, which is formed by a set of
generators of the Lie group, is called the Lie algebra.

In general, generators ti of a Lie group G are defined by specifying a general
group element as g = exp(itiθ

i). Here i = 1, 2, · · · , dimG, with dimG denoting
the dimension of G. For the group SU(2), we have used its definition which
naturally leads to a 2× 2 matrix representation. Such a representation is called
the defining representation of the group. For the SU(2), the generators in the
defining representation may be taken to be σi

2 , (i = 1, 2, 3). This also means
that any element of the algebra is a linear combination of these basis elements.
Any other basis in the algebra will do as well; this is just a convenient choice.

The algebra of the generators ti = σi
2 can be worked out from its matrix

form. In this case, we get
[ti, tj ] = iεijk tk . (1.40)
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The idea is then to interpret this as a more general algebra, the ti being not just
2×2 matrices and look for other representations. The algebraic relations (1.40)
obviously show that the SU(2) algebra is equivalent to the angular momentum
algebra.

In general, for any Lie group, there exists a Lie algebra

[ti, tj ] = Ckijtk (1.41)

where Ckij are constants that are independent of the parameters θi. The ti
in the defining representation can be found from the definition of the group,
by examining the elements near the identity element. Also, if we are given a
Lie algebra, we can reconstruct the Lie group by exponentiating the generators
with arbitrary parameters (as in g = exp(itiθ

i)). This will give the group
elements, but of a group which is the original group we started with up to
some global identifications. In other words, different groups which differ by
global identifications all give the same Lie algebra. Therefore exponentiating
the generators to construct the group elements will give one of these possible
groups, the simply connected universal covering group of the set of groups which
only differ by the global identifications.

These results on the Lie algebra, particularly the fact that Ckij in (1.41) are
constants and on how the algebra is related to the Lie group are theorems due
to Sophus Lie. (See Chapter 12 for details on Lie’s theorem).

Once we have the Lie algebra, we can construct a unitary irreducible rep-
resentation of the algebra. For a compact group, this can be done using the
products of its defining (or fundamental) representation. For most physical
problems of interest, we need unitary representations. This is primarily due
to the fact that the allowed transformations of the Hilbert space in quantum
mechanics are unitary transformations.

Unitary irreducible representation

What we have found so far is that a degenerate multiplet of states of a
two-dimensional harmonic oscillator is given by a unitary representation of the
SU(2) algebra. To be more specific, the degenerate states give us an irreducible
representation of SU(2), which means that all the states of the multiplet are
connected by the transformations generated by the algebra and further that the
action of the transformations close, not giving any brand new state which was
not already counted in the multiplet.

1.4 Theorems on symmetries

We will now formulate these ideas a bit more systematically by formulating
a general theorem on symmetries and conservation laws and the degeneracy
of states. Consider a general quantum system with a Hamiltonian H and a
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unitary transformation U defined by a continuous parameter θ so that we may
write U = exp(iθ G) for some hermitian operator G. (G is the generator of the
transformation.) The new Hamiltonian obtained by unitary transformation of
the Hamiltonian H is H ′ = U†H U . Since θ is a continuous parameter, we can
consider the case when it is infinitesimal. In this case, we may write

H ′ = e−iθGH eiθG ≈ (1− iθG)H (1 + iθG) = H − iθ [G,H] (1.42)

Thus the change in the Hamiltonian is δH = −iθ [G,H]. We say that U is a
symmetry or that G generates a symmetry if δH = 0, i.e., if [G,H] = 0.

Now by the Heisenberg equation of motion, we have, for any operator G,

i
∂G

∂t
= [G,H] . (1.43)

Thus if G generates a continuous symmetry (so that [G,H] = 0), the G is
conserved. Obviously, the result extends to any number of symmetries with the
corresponding parameters θi and generators Gi. This is Noether’s theorem.

Theorem 1.2 (Noether’s Theorem) For every continuous symmetry of the quan-
tum system, there is a conserved observable which is the generator of the sym-
metry transformation.

The reverse of this statement that if we have a conserved quantum number,
it generates a symmetry of the system is true to some extent. The exception
would be for some quantity which is conserved for topological reasons and then
the symmetry is not always obtained. There are examples of such quantities in
physics, we will return to this question when we talk about solitons later.

Continuing with the analysis of symmetry, consider an eigenstate |α〉 of the
Hamiltonian with eigenvalue Eα. Thus H |α〉 = Eα |α〉. If U is a symmetry
transformation, which may or may not be continuous, we have U†H U = H or
H U = U H. Thus

H (U |α〉) = U H |α〉 = Eα (U |α〉) (1.44)

We see that U |α〉 is also an eigenstate of the Hamiltonian with the same energy.
Thus all states which are related to each other by a symmetry transformation
have the same energy. In other words, they form a degenerate multiplet of
states. How many are there? That depends on the transformation. The state
U |α〉 can be different from the starting state |α〉 or it could be the same. There
may be several U ’s, as for example, in the continuous case where we get a U
for each value of the parameter θ. Imagine we start from one state and get
all possible states connected to it by the symmetry transformations, counting
only the distinct states. We get a set of states {|αi〉} which have the following
property. All these states are degenerate having the same eigenvalue for H.
Further, the action of any U on any state in this set will produce a linear
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combination of states in the same set. Thus the set is closed under the action
of U . We get a matrix realization of the U ’s of the form 〈αi|U |αj〉 on this set
of states. We may thus conclude that the degenerate set of states furnish an
irreducible representation of the symmetry transformations. If U is continuous
we may express this in terms of the algebra of the generators of the symmetry,
namely, the G’s. We may express this as another theorem.

Theorem 1.3 The eigenstates of the Hamiltonian of a quantum system can be
classified into irreducible representations of the symmetry transformations, the
states within each irreducible representation being degenerate.

It should be noted that one can have many copies of the same irreducible rep-
resentation, the multiplets being distinguished by some other quantum number
which is not part of the symmetry under consideration. Also, there may be
accidental degeneracies where the states from two distinct irreducible represen-
tations may be degenerate, although it is not required by the theorem. Gener-
ally, such degeneracies can be traced to symmetries which are not obvious, but
somewhat hidden.

As an example, consider the Hydrogen atom with the Hamiltonian

H =
p2

2m
− e2

r
. (1.45)

This Hamiltonian has an obvious symmetry under rotations, since it only in-
volves the magnitudes of pi and xi. Thus the generators of rotations, namely
the angular momentum, commutes with H. Thus energy eigenstates fall into
irreducible representations of the angular momentum algebra. Recall that the
energy eigenstates of the Hamiltonian (1.45) can be labeled as |n, l,m〉, where
n = 1, 2, etc., is the principal quantum number. The angular momentum quan-
tum number l can take values 0, 1, · · · , (n − 1) for a given n. Further, the
azimuthal quantum number m takes values −l,−l+ 1, · · · , l− 1, l, giving 2l+ 1
possibilities for each l. The theorem then tells us that the 2l + 1 states for
various m values, with n and l being fixed, are degenerate. And this is indeed
true. For example, at n = 2, we have the states

|2, 0, 0〉, |2, 1, 1〉, |2, 1, 0〉, |2, 1,−1〉 .

The theorem tells us the eigenvalues

E2,1,1 = E2,1,0 = E2,1,−1 (1.46)

while E2,0,0 can be different. Now it so happens for the Hamiltonian (1.45),
we also have E2,0,0 = E2,1,1, etc. This would be an example of the accidental
degeneracy, but it can be traced to an enhanced symmetry of (1.45) related to
the Runge-Lenz vector. We will take this up in the next chapter.
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1.5 The higher dimensional oscillators

Extension of the above analysis to the three-dimensional oscillator is straight-
forward. The Hamiltonian is given by

H = ω

(
a†1a1 + a†2a2 + a†3a3 +

3

2

)
= ω

(
a†iai +

3

2

)
(1.47)

where i = 1, 2, 3. We now fix the total number operator n = n1 +n2 +n3 = a†iai.
The degeneracy can be counted as 1

2 (n+ 1)(n+ 2). Operators that connect the

degenerate states include a†2a1, a†3a1, a†3a2, as shown in Figure 1.1, and the

conjugates of these, i.e., a†1a2, a†1a3, a†2a3.

Figure 1.1: Examples of degenerate states and operators that connect them

In order to have a closed operator algebra, we need to add other operators
to these six operators. Taking the commutator of two of the operators listed,

[a†1a2, a
†
2a1] = a†1[a2, a

†
2a1] + [a†1, a

†
2a1]a2

= a†1a1 − a†2a2

= n1 − n2 . (1.48)

This shows that we will need to include n1−n2 to our list of operators. Similarly,
we need (n2 − n3) and (n3 − n1). The latter can be expressed as (n3 − n1) =
−(n1 − n2) − (n2 − n3). Thus we need two additional operators to close the
operator algebra. The algebra formed by the total of eight operators is an SU(3)
algebra. This will become evident in the following.

Representation of SU(3)

As in the case of SU(2), elements of the SU(3) group are parametrized as
g = eit where t is a (3×3) hermitian traceless matrix. Since a 3×3 matrix has 9
independent matrix elements possible, but tracelessness gives one condition, we



14

expect 8 independent parameters to specify an SU(3) element. Thus the matrix
t can be parametrized as t = taθa (a = 1, 2, · · · , 8) where ta’s represent a basis
of hermitian traceless matrices and θa’s are real parameters. (Alternatively, we

can parametrize t by three complex numbers which are the parameters for a†iaj
i 6= j, and two real numbers which are the parameters corresponding to the
diagonal generators.) Conventionally, the basis is taken as ta = λa

2 where λa

are the so-called Gell-Mann matrices given below.

λ1 =

 0 1 0
1 0 0
0 0 0

 λ2 =

 0 −i 0
i 0 0
0 0 0

 λ3 =

 1 0 0
0 −1 0
0 0 0


λ4 =

 0 0 1
0 0 0
1 0 0

 λ5 =

 0 0 −i
0 0 0
i 0 0

 λ6 =

 0 0 0
0 0 1
0 1 0


λ7 =

 0 0 0
0 0 −i
0 i 0

 λ8 =
1√
3

 1 0 0
0 1 0
0 0 −2

 (1.49)

The normalization of these matrices is such that Tr(tatb) = 1
2δ
ab. The com-

mutator [ta, tb] is anti-hermitian. So it is expressed as i × (hermitian matrix).
Since the commutator is traceless as well, it can be expanded in terms of the ta

themselves, so that we can write

[ta, tb] = ifabctc . (1.50)

fabc’s are called the structure constants. They are a set of numbers; the specific
value are not important to us at this stage. These commutation relations (1.50)
form the Lie algebra of SU(3).

We now consider the operators

T̂ a = a†i t
a
ijaj = a†taa (1.51)

where taij denote matrix components of the (3×3) matrices ta (i, j = 1, 2, 3; a =
1, 2, · · · , 8). In what follows, we shall see that these operators correspond to
those that connect degenerate states of a three-dimensional harmonic oscillator.
First, we find that T̂ a are hermitian,

(T̂ a)† = a†j (ta)
∗
ij ai

= a†jt
a
jiai = T̂ a (1.52)

where we use the hermiticity of ta, (ta)
∗
ij = taji. Secondly, we can check that T̂ a

obey the SU(3) algebra:

[T̂ a, T̂ b] = [a†i t
a
ijaj , a

†
kt
b
klal]

= a†i t
a
ij [aj , a

†
kt
b
klal] + [a†i , a

†
kt
b
klal]t

a
ijaj
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= a†i t
a
ijδjkt

b
klal − δila

†
kt
b
klt

a
ijaj

= a†i t
a
ijt

b
jlal − a

†
kt
b
kit

a
ijaj

= a†i
(
taijt

b
jl − tbijtajl

)
al

= a†[ta, tb]a = ifabca†tca = ifabcT̂ c . (1.53)

Lastly, we find that [T̂ a, a†iai] vanishes:

[T̂ a, a†1a] = a†[ta,1]a = 0 (1.54)

where 1 denotes the (3× 3) identity matrix. Equation (1.54) naturally leads to
the relation [T̂ a, H] = 0. This means that the total number n = n1 +n2 +n3 =

a†iai is invariant under the actions of T̂ a. In other words, the operators T̂ a will
not take the system out of degeneracy.

From these arguments, we find that the degenerate states of a three-dimensional
isotropic harmonic oscillator form a representation of SU(3). Let |α〉 denote the
degenerate states with α = 1, 2, · · · , N = 1

2 (n+ 1)(n+ 2). Notice that a general
form of |α〉 is expressed as

(a†1)n1

√
n1!

(a†2)n2

√
n2!

(a†3)n3

√
n3!

|0〉, n1 + n2 + n3 = n . (1.55)

We then consider the (N × N) matrices 〈α|T̂ a|β〉. These will obey the SU(3)
algebra. Thus a specific matrix representation of the SU(3) algebra is given by
〈α|T̂ a|β〉.

The formalism introduced in this chapter can easily be generalized to the
SU(N) algebra in general. To briefly sketch the construction, we first consider
operators of the form T a = a†taa where ta (a = 1, 2, · · · , N2 − 1) form a base

of (N ×N) hermitian traceless matrices, with a†i and ai (i = 1, 2, · · ·N) being
creation and annihilation operators of an N -dimensional harmonic oscillator,
respectively. Transitions between degenerate states of the N -dimensional har-
monic oscillator are described by the operators T a = a†taa, and these operators
obey the SU(N) algebra.

Lastly, we should notice that not all unitary irreducible representations of
SU(N) (N ≥ 3) are obtained from this formalism. As we can easily see from
the construction of degenerate states, we can obtain only symmetric represen-
tations. Note that all representations of SU(2) are symmetric. But this case of
N = 2 is rather exceptional. All the unitary irreducible representations of the
SU(2) algebra are obtained from the harmonic oscillator analysis, but only the
symmetric representations of the higher SU(N) can be constructed in this way.

1.6 A bit of physics

So far, what we have discussed is the general formalism of harmonic oscillators.
One might ask whether the results we find can be directly applied to any physi-



16

cal system. One such example is provided by the shell model of the nucleus. In
this model, we consider the protons and neutrons in the nucleus to be considered
as single particles moving in a central potential. The potential may be viewed
as some sort of average self-consistently generated potential. The one-particle
approximation to the dynamics is rather drastic, since we know there are strong
forces of interaction between the particles. The hope is that the self-consistent
potential captures some of the effect of the strong interactions. A good ap-
proximation to the potential is then taken as the three-dimensional harmonic
oscillator potential,

V (r) = −V0 +
1

2
Mω2(x2 + y2 + z2) (1.56)

From our analysis we can see that the degenerate states of nucleons (neutrons
or protons) can be classified by representations of SU(3), with degeneracy given
by N = 1

2 (n+1)(n+2). Thus the first few states have degeneracies 1, 3, 6, 10. If
we fill these,taking account of spin, we get the number of particles in the filled
shells as 2, 2 + 6 = 8, 2 + 6 + 12 = 20, 2 + 6 + 12 + 20 = 40, etc. The magic
numbers, which are the numbers of protons or neutrons at which one gets better
stability for the nucleus, are 2, 8, 20, 28, 50, 82, 126. We see that our counting
does reproduce the first few magic numbers. This does not hold as we go to
higher values of n; one reason for this is the increasing importance of spin-orbit
coupling for the nucleons. If that effect is included, the shell model does give a
good explanation of the magic numbers for nuclei.



Chapter 2

Bound and scattering states
of the Hydrogen atom

2.1 The Hydrogen atom

A solution to the problem of the Hydrogen atom, i.e., a quantum mechanical
derivation of the energy spectrum of the Hydrogen atom, was first given by
Pauli as early as 1926, before the better known solution using the Schrödinger
equation. This problem is mathematically the same as the Kepler problem,
the problem of planetary orbits. The Hamiltonian for either problem has an
identical form

H =
p2

2m
− κ

r
(2.1)

where ~p is a momentum of a planet (or an electron) with p2 = ~p2, r is a radial
distance from the sun (or the nucleus), and m is a mass of the planet (or the
electron). κ can be written as

κ =

{
Ze2 for Coulomb potentials,
GMm for gravitational potentials.

(2.2)

Of course, this is the idealized Hydrogen atom. The real atom has many cor-
rections to be taken account of, such as the motion of the nucleus, relativis-
tic corrections, spin-orbit interaction, etc., and even radiative corrections from
quantum field theory. Nevertheless, (2.1) gives a very good first approximation.

In classical mechanics, the Kepler problem is exactly solvable. In this regard,
it is worth mentioning an interesting theorem, called Bertrand’s theorem, which
states that in three spatial dimensions, the only two central potentials for which
all bounded orbits are also closed are the harmonic oscillator potential V = 1

2ωr
2

and the Coulomb/gravitational potential V = −κr . We have already considered

17
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Figure 2.1: Angular momentum and Runge-Lenz vector in the Kepler problem

the harmonic oscillator, so it is entirely natural to take the Hydrogen atom as
the next step.

The Hamiltonian (2.1) has obvious rotational invariance, so we know imme-
diately that the angular momentum Li, i = 1, 2, 3, is conserved. Further, in the
classical Kepler problem of planetary orbits, we know that there is no precession
of the orbits. This means that the placement of the orbit in the orbital plane
is conserved; equivalently a vector from the origin to perihelion is conserved.
This was already known to Laplace and more thoroughly analyzed by Runge
and Lenz. The Runge-Lenz vector Ri and the angular momentum Li form the
conserved quantities for the problem (in addition to H itself, of course). These
vectors are shown in Figure 2.1. The Runge-Lenz vector is usually defined as

Ri =
1

m
εijkpjLk − κx̂i (2.3)

where the momentum pi and the position xi are the basic phase space variables
for the system. Also Li is the angular momentum defined as Li = εijkxjpk, and
x̂i is the unit vector x̂i = xi

r . pi and Li do not commute each other in general.
This means that the form of Ri in (2.3) is not hermitian. We thus define the
quantum version of the Runge-Lenz vector by symmetrizing in pj and Lk as

Ri =
1

2m
εijk(pjLk + Lkpj)− κx̂i . (2.4)

This is manifestly hermitian.

In the following, we will consider the algebra of Li, Ri and H. From the
definition of Li and the commutation relation [xi, pj ] = iδij , we can easily find
that

[Li, H] = 0 , (2.5)

[Li, xj ] = iεijkxk , (2.6)

[Li, pj ] = iεijkpk . (2.7)
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The last two equations may be viewed as stating that xi and pi transform as
vectors under rotations. Using (2.4) and the relation εijkεkjl = −εijkεljk =
−2δil, we can then rewrite (2.4) as

Ri =
1

2m
εijk(pjLk + iεkjlpl + pjLk)− κx̂i

=
1

m
pjLk −

i

m
pi − κx̂i . (2.8)

Commutation relations between the phase variables and the Hamiltonian can
be computed as

[pi, H] =

[
−i ∂
∂xi

,−κ
r

]
= iκ

∂

∂xi
1

r
= − iκ

r2

xi
r

= − iκx̂i
r2

, (2.9)

[x̂i, H] =

[
xi
r
,
p2

2m

]
=

[
∇2

2m
,
xi
r

]
. (2.10)

In order to compute (2.10), we need the following relations

∇j
(xi
r

)
=

δij
r
− xi
r2

xj
r

=
δij − x̂ix̂j

r
, (2.11)

∇j∇j
(xi
r

)
= − 1

r2
(δij − x̂ix̂j)x̂j −

1

r

δij − x̂ix̂j
r

x̂j −
1

r
x̂i
δjj − x̂j x̂j

r

= −2
x̂i
r2

(2.12)

where we use δjj = 3 and x̂j x̂j = 1. Then (2.10) can be simplified as

[x̂i, H]ψ =
∇2

2m

(xi
r
ψ
)
− xi

r

∇2ψ

2m

=
∇j
2m

[(∇j x̂i)ψ + x̂i∇jψ]− x̂i
∇2

2m
ψ

= − 1

mr2
x̂iψ +

1

m
(∇j x̂i)∇jψ

= − x̂i
mr2

ψ +
1

m

δij − x̂ix̂j
r

ipj ψ (2.13)

where we introduce a wavefunction ψ for convenience. The commutator (2.10)
is then written as

[x̂i, H] = − x̂i
mr2

+
i

mr
(pi − x̂ix̂ · p) . (2.14)

From these results given above, we can explicitly show that Ri commutes with
the Hamiltonian,

[Ri, H] =
1

m
εijk[pj , H]Lk −

i

m
[pi, H]− κ[x̂i, H]

= − 1

m
εijk

(
− iκ
r2
x̂j

)
Lk −

i

m

(
− iκ
r2
x̂i

)
+

κ

mr2
x̂i −

iκ

mr
(pi − x̂ix̂ · p)
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= − iκ

mr2
εijkx̂jεkmnxmpn −

iκ

mr
(pi − x̂ix̂ · p)

= − iκ

mr2
x̂jxmpn(δimδjn − δinδjm)− iκ

mr
(pi − x̂ix̂ · p)

= − iκ

mr2
(x̂jxipj − x̂jxjpi)−

iκ

mr
(pi − x̂ix̂ · p)

= 0 . (2.15)

Thus, so far, we have the commutation rules

[Ri, H] = [Li, H] = 0 ,

[Li, Lj ] = iεijkLk . (2.16)

From (2.6)-(2.8), we also find

[Li, Rj ] = iεijkRk . (2.17)

This can be verified directly, or we could argue that Ri being a vector, this
relation must hold true. To obtain the full algebra, we need to calculate one
more commutator, [Ri, Rj ]. This quantity must be antisymmetric in i, j, so it
must be proportional to εijk. We may thus write

[Ri, Rj ] = iεijkΛk . (2.18)

which defines the hermitian operator Λk. We may think of this also as iΛk =
εijkRiRj . In the following, we shall calculate this factor by use of (2.8).

εijkRi = εijk

(
1

m
εiabpaLb −

i

m
pi − κx̂i

)
=

1

m
(pjLk − pkLj)−

i

m
εijkpi − κεijkx̂i

εijkRiRj =

(
1

m
(pjLk − pkLj)−

i

m
εijkpi − κεijkx̂i

)
×
(

1

m
εjabpaLb −

i

m
pj − κx̂j

)
(2.19)

Since terms like εijkpipj and εijkx̂ix̂j vanish, there are seven terms in (2.19).
We shall calculate them one by one in the following.

(Term1) =
1

m2
(pjLk − pkLj)εjabpaLb

=
1

m2
(pjLkεjabpaLb − pkLjεjabpaLb)

=
1

m2
[pjεjab(iεkampm + paLk)Lb − pkεjab(iεjampm + paLj)Lb]

=
1

m2
[ipjpmLb(δjkδbm − δjmδbk)
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− 2ipk pbLb︸︷︷︸
0

+
1

2
pkpaεajb (LjLb − LbLj)]

= − i

m2
p2Lk +

1

2m2
pk paεajbiεjbmLm︸ ︷︷ ︸

0

= − i

m2
p2Lk (2.20)

(Term2) = − i

m2
(PjLk − pkLj)pj

= − i

m2
pjLkpj = − i

m2
pj(pjLk + iεkjmpm)

= − i

m2
p2Lk (2.21)

(Term3) = − κ
m

(pjLk − pkLj)x̂j

= − κ
m
pjLkx̂j = − κ

m
pj(x̂jLk + iεkjmx̂m)

= − κ
m
pj x̂jLk − i

κ

m
εkjm

(
x̂mpj − i

∂

∂xj
xm
r

)
= − κ

m
p · x̂Lk + i

κ

mr
Lk (2.22)

(Term4) = − i

m
εijkpiεjabpaLb

=
i

m
pi(piLk − pkLi) =

i

m
p2Lk (2.23)

(Term5) =
iκ

m
εijkpix̂j =

iκ

m
εijk

(
x̂jpi − i

∂

∂xi
xj
r

)
= − iκ

m
Lk (2.24)

(Term6) = − κ
m
εijkx̂iεjabpaLb =

k

m
x̂i(piLk − pkLi)

=
k

m
x̂ · pLk −

κ

mr
xipkLi︸ ︷︷ ︸
iδikLi

=
k

m
x̂ · pLk −

iκ

mr
Lk (2.25)

(Term7) =
iκ

m
εijkx̂ipj =

iκ

m
Lk (2.26)

Putting together the terms in (2.20)-(2.26), we find

iΛk = −i p
2

m2
Lk +

κ

m
(x̂ · p− p · x̂)Lk

= −i p
2

m2
Lk +

2iκ

mr
Lk

= −i 2

m

(
p2

2m
− κ

r
Lk

)
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= −i 2

m
HLk (2.27)

where we use

x̂ · p− p · x̂ =
xi
r
pi − pi

xi
r

=
xi
r
pi − i

∂

∂xi

(xi
r

)
− xi

r
pi

= i

(
3

r
− xi
r2

xi
r

)
=

i2

r
. (2.28)

Thus, we finally find Λk = − 2H
m Lk.

Summary

The algebra of observables of interest in the Kepler problem is then summa-
rized as 

[Li, Lj ] = iεijkLk
[Li, Rj ] = iεijkRk
[Ri, Rj ] = iεijk

(
− 2H

m

)
Lk

[Li, H] = [Ri, H] = 0

(2.29)

The sign of H will be important in the further analysis of this algebra. In terms
of the states of electrons in the Hydrogen atom, H ≤ 0 corresponds to the bound
states and H > 0 corresponds to the scattering states. The two cases have to
be analyzed separately.

2.2 Bound states

In this section, we consider the case of H ≤ 0 in the algebra (2.29). We first
normalize the Runge-Lenz vector as

Mi =

√
−m
2H

Ri . (2.30)

The algebra of interest then becomes [Li, Lj ] = iεijkLk
[Li,Mj ] = iεijkMk

[Mi,Mj ] = iεijkLk

(2.31)

This is the O(4) algebra, corresponding to the generators of rotations in four
dimensions. We can rewrite this algebra in terms of

Si =
Li +Mi

2
, Ti =

Li −Mi

2
. (2.32)

[Si, Tj ] =
1

4
[Li +Mi, Lj −Mj ]
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=
i

4
εijk(Lk −Mk +Mk − Lk) = 0 (2.33)

[Si, Sj ] =
1

4
[Li +Mi, Lj +Mj ]

=
i

4
εijk(Lk +Mk +Mk + Lk) = iεijkSk (2.34)

[Ti, Tj ] =
1

4
[Li −Mi, Lj −Mj ]

=
i

4
εijk(Lk + Lk −Mk −Mk) = iεijkTk (2.35)

Thus the O(4) algebra can be described by two independent (or mutually com-
mute) angular-momentum like operators Si, Ti.

Finally, to understand the spectrum of the Hydrogen atom, we must obtain
the Hamiltonian H in terms of Si and Ti. For this, we first calculate R2 as

R2 =

(
1

m
εijkpjLk −

i

m
pi − κx̂i

)(
1

m
εiabpaLb −

i

m
pi − κx̂i

)
=

[
1

m2
pjLk(pjLk − pkLj)−

i

m2
εijkpjLkpi −

κ

m
εijkpjLkx̂i

+
iκ

m
p · x̂− κ

m
εiabx̂ipaLb +

iκ

m
x̂ · p+ κ2 − p2

m2

]
=

1

m2
p2L2 +

2p2

m2
− 2κ

m
L2 +

iκ

m
(x̂ · p− p · x̂)− κ2 − p2

m2

=
p2

m2
(L2 + 1)− 2κ

m
L2 − 2κ

m
+ κ2

=

(
p2

m2
− 2κ

mr

)
(L2 + 1) + κ2

=
2

m
H(L2 + 1) + κ2 (2.36)

where we have used (2.28) in simplifying the factor (x̂ · p− p · x̂). Using (2.30),
we can then express the Hamiltonian as

H = −mκ
2

2

1

M2 + L2 + 1
. (2.37)

Going back to (2.32), we find

S2 =
1

4
(L2 +M2 + L ·M +M · L) . (2.38)

The factors L ·M and M · L vanish. This can easily be seen from

R · L =
1

m
εijkpjLkLi =

1

m
εijkpj

LkLi − LiLk
2

=
i

2m
εijkεkimLm = 0 . (2.39)
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Thus we find

S2 + T 2 =
L2 +M2

2
(2.40)

with S2 = T 2. The Hamiltonian is therefore expressed as

H = −mκ
2

2

1

2(S2 + T 2) + 1
. (2.41)

Since Si’s obey the angular momentum algebra, we can write S2 + T 2 as S2 +
T 2 = 2S2 = 2s(s+ 1) where s = 1

2q (q = 0, 1, 2, · · · ), i.e.,

S2 + T 2 = q
(q

2
+ 1
)
. (2.42)

Thus the Hamiltonian can be rewritten as

H = −mκ
2

2

1

n2
(n ≡ q + 1 = 1, 2, 3, · · · ). (2.43)

This result gives eigenvalues of H, which correspond to the correct energy spec-
trum of a Hydrogen atom. This is obviously in agreement with the Bohr theory
as well as the solution obtained from the Schrödinger equation. We can identify
n as the principal quantum number.

Degeneracy

Since the angular momentum operator is written as Li = Si + Ti, we can
count the degeneracy directly in terms of Si and Ti. Eigenstates are labeled by
|s,ms, t,mt〉 with s = t and ms,mt = 0,±1,±2, · · · ,±s. The number of states
is (2s+1)2 = (q+1)2 = n2, being the same as the result in quantum mechanics.
The quantum number of Li takes the values of l = 0, 1, 2, · · · , q = n − 1(=
2s). Thus the degeneracy also agrees with what we know from the Schrödinger
theory.

2.3 Scattering states

We now consider the case of H > 0 in the algebra (2.29). The normalized
Runge-Lenz vector analogous to (2.30) is written as

Ni =

√
m

2H
Ri . (2.44)

The algebra of interest then becomes [Li, Lj ] = iεijkLk
[Li, Nj ] = iεijkNk
[Ni, Nj ] = −iεijkLk

(2.45)
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This forms an O(3, 1) algebra. The O(3, 1) group is the group of orthogonal
linear transformations of x, y, z, t that keep the value of x2 + y2 + z2 − t2

invariant. Thus the O(3, 1) algebra is also called the Lorentz algebra.

The Ni-part of the algebra can also be written as

[Li, iNj ] = iεijk(iNk) ,
[iNi, iNj ] = iεijkLk

(2.46)

where iNi =
√
−1Ni. Thus, in analogy with the previous section, we find that

the operators

S
(1)
i =

Li + iNi
2

, S
(2)
i =

Li − iNi
2

(2.47)

give two copies of the SU(2)-type algebra (i = 1, 2, 3). However, these operators
are no longer hermitian. Elements of the transformation S generated by Li, Ni
can be parametrized as

S = exp
(
iθiLi + iαiNi

)
(2.48)

for real parameters θi, αi. A particular realization of the algebra (2.45) is given
by Li = 1

2σi, Ni = − i
2σi, so that we may write

S = exp
(
iθi
σi
2

+ αi
σi
2

)
= exp

(
i(θi − iαi)σi

2

)
. (2.49)

This shows that we may view the transformations generated by the algebra
(2.45) as a version of the SU(2) transformations, but with complex parameters.
This complexified SU(2) group is called SL(2,C).

Going back to (2.37), the Hamiltonian is now expressed as

H =
mκ

2

1

N2 − L2 − 1
. (2.50)

Introducing S
(1)
± = S

(1)
1 ± iS(1)

2 , we can consider the algebra of S
(1)
i in terms of

S
(1)
± and S

(1)
3 = (L3 + iN3)/2. We then define the “lowest” state |Ω〉 by

S
(1)
− |Ω〉 = 0 . (2.51)

Action of S
(1)
3 on |Ω〉 can be written as

S
(1)
3 |Ω〉 = (a+ ib)|Ω〉 (2.52)

where a, b are real numbers corresponding to quantum number of the operator
L3 and N3, respectively, on the lowest state. Notice that, since [Ni, Nj ] gives
Lk, it is not consistent to set b equal to zero, for nonzero Lk. (If both Li and
Ni vanish on the state, it is invariant under the whole set of transformations
and the representation is trivial.) We will therefore take b 6= 0, with b→ 0 as a

limiting case. The quadratic Casimir operator of S
(1)
i can be calculated as
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S
(1)
i S

(1)
i = S

(1)
+ S

(1)
− + S

(1)
3

2
− S(1)

3 . (2.53)

This leads to the relation

S(1)2
|Ω〉 = [(a+ ib)2 − (a+ ib)]|Ω〉 . (2.54)

Similarly, we have

S
(2)
3 |Ω〉 = (a− ib)|Ω〉 , (2.55)

S(2)2
|Ω〉 = [(a− ib)2 − (a− ib)]|Ω〉 . (2.56)

Further, as seen before in (2.39), L ·N = N · L = 0. Thus we obtain

S(1)2
= S(2)2

=
L2 −N2

4
. (2.57)

From (2.54) and (2.56), we can then solve for a and b:

(a+ ib)2 − (a+ ib)2 = (a− ib)2 − (a− ib)2

ib(2a− 1) = 0

=⇒ a =
1

2
(b 6= 0) (2.58)

The other solution b = 0 gives a limiting case. Using this result in (2.54) and
(2.56), we find

N2 − L2 = 4b2 + 1 . (2.59)

The Hamiltonian (2.50) is therefore written as

H =
mκ

2

1

(2b)2
> 0 . (2.60)

It is important to notice that there is no restriction on b, that is, b is continuous,
taking any nonzero real value, i.e., −∞ < b <∞.

Figure 2.2: Energy spectra for bound states and scattering states
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The representation we have obtained is unitary, with both Li and Ni real-

ized as hermitian operators. In particular, this means that S
(1)
+ and S

(2)
− are

conjugate to each other. There is no quantization requirement on the parameter
b and because b is not quantized, H is not quantized either. The magnitude of
b can be related to the impact parameter for the scattering states, with the sign
of b distinguishing incoming and outgoing states in the scattering.

Since the parameter b is not quantized, if we consider the action of S
(1)
+ , S

(2)
+

to build up the various states starting from |Ω〉, the series does not terminate
in general. We have infinite-dimensional representations. This is in conformity
with a general theorem that unitary representations of a noncompact Lie group
are infinite-dimensional. The group of transformations O(3, 1) (or SL(2,C) ) is
noncompact.

In this section, we found that there is no quantization of energy spectrum
for scattering states. Combined with the results in the previous section, energy
spectrum for the bound states (H ≤ 0) and the scattering states (H > 0) can
be schematically sketched as in Figure 2.2.



Chapter 3

Landau problem and
quantum Hall effect

3.1 Introduction to QHE

In physics, the so-called Landau problem refers to the study of charged-particle
dynamics in a uniform magnetic field. A realistic and important example of the
Landau problem is given by quantum Hall effect (QHE) that has been observed
in the motion of electrons inside a conducting material at low temperature. In
the following two chapters, we shall make algebraic analyses of the QHE by
making a certain semiclassical approximation.

We first begin with basics of QHE. The schematics of the experimental set-
up are shown in Fig. 3.1. We are interested in how the Hall current J2 is related

Figure 3.1: Quantum Hall effect at low temperature

28
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to the electric field E1. Generally, we have Ohm’s law Ji = σijEj (i, j = 1, 2)
where σij is the conductivity tensor. Thus, in the present case, we have the
following relations.

J1 = σ11E1 J1: normal current (3.1)

J2 = σ21E1 J2: Hall current (3.2)

The Hall conductivity σ21 must depend on B since the Hall current is due to the
Lorentz force, which deflects the charge-carriers as they try to move along the
direction of the applied electric field. Thus classically, the Hall current will be
proportional to B giving σ21 ∼ B, a straight line behavior for the graph of σ21

versus B, as shown in the first graph of Fig. 3.2. At low temperatures,what is
observed is that σ21 is independent of B for some range of B, then makes a jump
to a new value which is maintained for another range of B, then makes another
jump to a new value and so on. This is illustrated in the second graph of Fig.
3.2. To restate the result, the graph of σ21 versus B shows plateaux. Further,
the values of σ21 at the plateaux are quantized, hence the name quantum Hall
effect. The integer QHE refers to the plateau-values being quantized in integer
units of e2/2π, e being the charge of the electron. The plateau-values can be
fractionally quantized as well; this is the fractional QHE, which we shall consider
in the next chapter.

In the following, we analyze the QHE with two approximations:

1. The dynamics of electrons along the x3-axis is irrelevant; the system is
effectively two-dimensional in (x1, x2)-plane with ~B = (0, 0, B) as in Fig.
3.1.

2. The edge potential inside the conducting material can be approximated
by a two-dimensional harmonic oscillator.

Figure 3.2: Linear σ-B relation for free electrons (left) and quantization of the
Hall conductivity (right)
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Thus the single-particle Hamiltonian of the system is given by

H =
(p1 − eA1)2 + (p2 − eA2)2

2m
+
mω2

2
(x2

1 + x2
2) , (3.3)

A1 = −Bx2

2
, A2 =

Bx1

2
, (3.4)

B3 = ∂1A2 − ∂2A1 = B (3.5)

where m denotes an effective mass of the drifting electron and ∂i (i = 1, 2)
denotes a derivative with respect to xi. (The effective mass is usually denoted
by m∗, but we will use just m, to avoid too much clutter in notation.) We now
define

Πi = pi − eAi . (3.6)

Commutation relations between these operators are given by

[Πi,Πj ] = [pi − eAi, pj − eAj ]
= ie(∂iAj − ∂jAi) = ieB εij (3.7)

where εij is the rank-2 Levi-Civita tensor; ε12 = 1, ε21 = −1 and ε11 = ε22 = 0.
Next we consider rewriting the Hamiltonian in terms of

A =
Π1 + iΠ2√

2eB
, A† =

Π1 − iΠ2√
2eB

. (3.8)

For these combinations, we find

[A,A†] =
1

2eB
[Π1 + iΠ2,Π1 − iΠ2] =

−i2
2eB

[Π1,Π2] = 1 , (3.9)

A†A =
1

2eB
(Π1 − iΠ2)(Π1 + iΠ2)

=
1

2eB
(Π2

1 + Π2
2 + i[Π1,Π2]) =

Π2
1 + Π2

2

2eB
− 1

2
. (3.10)

Thus the Hamiltonian can be re-expressed as

H =
1

2m
(Π2

1 + Π2
2) +

mω2

2
(x2

1 + x2
2)

=
eB

m

(
A†A+

1

2

)
︸ ︷︷ ︸

H0

+
mω2

2
(x2

1 + x2
2) . (3.11)

We will first consider the eigenstates of H0, ignoring the harmonic oscillator
potential for now. The potential energy 1

2mω
2(x2

1 + x2
2) will be included in

section 3.3. For the Hamiltonian H0, the ground state |0〉 is defined by

A|0〉 = 0 . (3.12)
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Physical states are then constructed by the action of A†’s on |0〉 and are easily
seen to be

A†|0〉 , (A†)2

√
2
|0〉 , · · · · · · , (A†)n√

n!
|0〉 . (3.13)

The corresponding energy is given by

En =
eB

m

(
n+

1

2

)
(3.14)

where n = 0, 1, 2, · · · . These energy levels are called Landau levels. The lowest
case n = 0 corresponds to the lowest Landau level (LLL) with zero-point energy

E0 =
eB

2m
≡ ωL . (3.15)

This value ωL is called the Larmor frequency. Energy separation in (3.14) is
then given by 2ωL.

Magnetic translations

We now introduce the operators

Π̃i = pi + eAi (3.16)

where, as before, Ai = − 1
2Bxjεij . The commutation relations between Πi and

Π̃j are given by

[Πi, Π̃j ] = [pi − eAi, pj + eAj ]

= −ie∂iAj − ie∂jAi = −ie(εji + εij)
B

2
= 0 . (3.17)

From this, we can easily find that [Π̃i, H0] = 0. The action of Π̃i’s on any
physical states will thus lead to the degenerate states (in the absence of the

oscillator potential). The commutators between Π̃i’s are calculated as

[Π̃i, Π̃j ] = [pi + eAi, pj + eAj ] = −ieB εij . (3.18)

The operator Π̃i is called the magnetic translation operator. Degeneracy of
Landau levels is described by this operator. It is useful to visualize this in
terms of the classical motion of the particle. Classically, the charged particle
moves in a circle around the lines of force of the magnetic field and the trajectory
of the form

x1 − x̃1 = −
√

2mE

eB
cos

eBt

m
,

x2 − x̃2 =

√
2mE

eB
sin

eBt

m
,

(x1 − x̃1)2 + (x2 − x̃2)2 =
2mE

e2B2
. (3.19)
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In this equation, (x̃1, x̃2) are constants of integration. We see that the trajectory
describes a circle centered at (x̃1, x̃2) with a radius given by the energy E and
the value of the magnetic field. The magnetic field is uniform, so there should
be translational symmetry in the problem. This is reflected in the fact that
the placement of the orbit in the (x1, x2)-plane is arbitrary, namely, any choice
of (x̃1, x̃2). The action of the magnetic translation operators corresponds to
shifting these values.

From the point of view of dynamical variables, we have introduced new

canonical pairs
(

Π1√
eB
, Π2√

eB

)
and

(
Π̃1√
eB
, Π̃2√

eB

)
in place of (xi, pi). The Hamil-

tonian depends on one pair
(

Π1√
eB
, Π2√

eB

)
while the other set constitutes a sym-

metry of the system. The degeneracy of any Landau level should thus be given,
by the general theorem on symmetry, by a representation of the Π̃i operators.
This can be done at the operator level, but for most of what we want to do,
since we will be discussing large numbers of fermions, a semiclassical analysis
will suffice. We now turn to this question.

Semiclassical argument for degeneracy

We consider the degenerate states of the LLL. The number of states is gen-
erally given by

(Number of states) =
(Phase space volume)

(2π~)d
(3.20)

where d denotes the number of canonical pairs. In the present case, we are

interested in the degeneracy due to the canonical pair
(

Π̃1√
eB
, Π̃2√

eB

)
, so d = 1.

Thus we have

(Number of states) =
1

2π

dΠ̃2√
eB

dΠ̃1√
eB

(3.21)

where we set ~ = 1. Now, classically, the Hamiltonian of the LLL is written as

H0 =
Π2

1 + Π2
2

2m
(3.22)

and the zero-point energy can be ignored. In the ground state, minimizing H0,
we get Pi = pi − eAi ≈ 0 (i = 1, 2). This is adequate semi classically, since
the correction is just the zero-point energy. What this means is that, semi
classically, we may evaluate Π̃i as

Π̃i = pi + eAi ≈ 2eAi = −eBεijxj . (3.23)

The number of states given by (3.21) can now be expressed as

(Number of states) ≈ eB

2π
dx1dx2 . (3.24)

We see that the degeneracy per unit area is therefore given by the fixed value
eB
2π in the semiclassical limit.
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3.2 Integer QHE

We now consider a Landau level with all states filled with electrons, neglecting
spin effects such as a Zeeman polarization. (If the magnetic field is strong, all
electrons are in a spin-polarized state and the dynamics of the spin degrees of
freedom is frozen. Therefore, it can be ignored for our considerations here.) As
mentioned in the previous section, the QHE is realized in the quantization of
Hall conductance σij (i, j = 1, 2) which is defined by

〈Ji〉 = σijEj (3.25)

where 〈Ji〉 denotes the expectation value of the current Ji evaluated on the
Landau level, which is occupied by a number of electrons. The main goal of
this section is to calculate 〈Ji〉 and to see the quantization of σij by use of the
above-mentioned semiclassical analyses on Landau levels.

From the above results, we find that a total charge of degenerate states per

unit area, i.e., a charge density, is given by e2B
2π . If ν Landau levels are filled (ν

being integer), then the total charge density of the state becomes

〈J0〉 = 〈ψ(0)|J0|ψ(0)〉 = ν
e2B

2π
(3.26)

where ψ(0) is a wave function for the filled Landau levels of interest. ν is
generally referred to as the “filling fraction”, even though, in this case, it is an
integer. (More generally, a formula similar to (3.26) holds with ν not necessarily
an integer, as in the case of the fractional quantum Hall effect we discuss later.)

We now consider a perturbation due to a slight change of the magnetic field
Ai −→ Ai + δAi. Since the interaction term becomes AiJi −→ AiJi + δAiJi,
the perturbation to the Hamiltonian is given by

Hint =

∫
d2yδAi(y)Ji(y) . (3.27)

Standard Rayleigh-Schrödinger perturbation theory tells us that the perturbed
wave function can be expanded as

|ψ(0)〉 −→ |ψ(0)〉+
1

H − E(0)
Hint|ψ(0)〉+ · · · . (3.28)

Thus the charge density (3.26) in this perturbed state is(
〈ψ(0)|+

∫
〈ψ(0)|δAiJi

1

H − E(0)
+ · · ·

)
J0

(
|ψ(0)〉+

1

H − E(0)

∫
δAiJi|ψ(0)〉+ · · ·

)
= 〈J0〉+

∫
d2yδAi(y)〈ψ(0)|Ji(y)

1

H − E(0)
J0(x) + J0(x)

1

H − E(0)
Ji(y)|ψ(0)〉+ · · · .

(3.29)
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This leads to the following expression.

δ〈J0(x)〉 =

∫
d2y δAi(y)Fi(x, y) (3.30)

Fi(x, y) = 〈ψ(0)|Ji(y)
1

H − E(0)
J0(x) + J0(x)

1

H − E(0)
Ji(y)|ψ(0)〉(3.31)

Similarly, we can consider a perturbation due to A0 −→ A0 + δA0. In this case,
we can easily obtain

Hint =

∫
d2yJ0(y)δA0(y) , (3.32)

δ〈Ji(x)〉 =

∫
d2yδA0(y)〈ψ(0)|J0(y)

1

H − E(0)
Ji(x) + Ji(x)

1

H − E(0)
J0(y)|ψ(0)〉

=

∫
d2yδA0(y)Fi(y, x) . (3.33)

From (3.26), we also know that

〈J0(x)〉 = ν
e2

2π
(∂1A2 − ∂2A1) , (3.34)

so that we may write

δ〈J0(x)〉 = ν
e2

2π
(∂1δA2 − ∂2δA1)

= ν
e2

2π

∫
d2y

[
∂

∂x1
δ(2)(x− y)δA2(y)− ∂

∂x2
δ(2)(x− y)δA1(y)

]
.

(3.35)

Comparing (3.30) and (3.35), we see that we may identify Fi(x, y) as given by

Fi(x, y) = −νe
2

2π
εij

∂

∂xj
δ(2)(x− y) . (3.36)

Substituting this into (3.33), we can write δ〈Ji(x)〉 as

δ〈Ji(x)〉 =

∫
d2yδA0(y)

(
−νe

2

2π

)
εij

∂

∂yj
δ(2)(y − x)

=
νe2

2π
εij

∂

∂xj
δA0(x) (3.37)

where we carry out a partial integration in the last step. We can therefore
express 〈Ji(x)〉 as

〈Ji(x)〉 =
νe2

2π
εij
∂A0

∂xj
= −νe

2

2π
εijEj (3.38)
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where we use ∂A0

∂xj
= −Ej . This is nothing but the relation ~E = −∇φ where

φ = A0 is the electrostatic potential. The result (3.38) gives an explicit form of
(3.25). We have thus derived quantized conductivity

σij = ν
e2

2π
εij . (3.39)

The conductivity is quantized in units of e2/2π, the quantization being given
by the filling fraction ν.

Since ν takes integer values such as 1, 2, · · · , our result is for the integer QHE.
Notice that σij is independent of B. This suggests that the integer quantization
of σij is a non-perturbative effect. The integer QHE is a well established phe-
nomenon and data from QHE experiments have been utilized to determine the
Planck constant ~ or the fine structure constant α = (e2/~c) to a high degree
of accuracy.

3.3 Laughlin wave function for integer QHE

In the previous section, we neglected the effects of the harmonic oscillator po-
tential in the Hamiltonian. In this section, we will reinstate this potential and
obtain a specific form of a LLL wave function ΨLLL. By use of ΨLLL, we then
aim to obtain wave functions for integer QHE.

We first carry out the reparametrization of the Hamiltonian (3.11) with the
complex variables

z =

√
eB

2
(x1 + ix2) , z̄ =

√
eB

2
(x1 + ix2) . (3.40)

Using these, we can express A as

A =
Π1 + iΠ2√

2eB
=

(
p1 + eB

2 x2

)
+ i
(
p2 − eB

2 x1

)
√

2eB

=
−i√
2eB

(
∂

∂x1
+ i

∂

∂x2

)
− i

2

√
eB

2
(x1 + ix2)

= −i
(
∂

∂z̄
+
z

2

)
(3.41)

where we use the relation(
∂

∂x1
+ i

∂

∂x2

)
z̄ =

(
∂

∂x1
+ i

∂

∂x2

)
(x1 − ix2)

√
eB

2
=
√

2eB (3.42)

to define the derivative (∂/∂z̄). Similarly we can obtain the conjugate operator
A† as

A† = −i
(
∂

∂z
− z̄

2

)
. (3.43)
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We now define new operators

C = A− iα

2
z = −i

(
∂

∂z̄
+

1 + α

2
z

)
, (3.44)

C† = A† +
iα

2
z̄ = −i

(
∂

∂z
− 1 + α

2
z̄

)
, (3.45)

T = A+ iz +
iα

2
z = −i

(
∂

∂z̄
− 1 + α

2
z

)
, (3.46)

T † = A† − iz̄ − iα

2
z̄ = −i

(
∂

∂z
+

1 + α

2
z̄

)
. (3.47)

where α is a constant parameter. Notice that the operators T and T † can
be interpreted as the extension of the magnetic-translation type of operators.
Using these new operators, the Hamiltonian is expressed as

H = 2ωL

[(
C† − iα

2
z̄

)(
C +

iα

2
z

)
+

1

2

]
+

ω2

2ωL
z̄z

= 2ωL

[
C†C − iαz̄

2
C + i

α

2
C†z +

α2

4
z̄z +

1

2

]
+

ω2

2ωL
z̄z (3.48)

where ωL is the Larmor frequency in (3.15). From (3.45) and (3.47), we can
rewrite the factor iC†z as

iC†z =

(
∂

∂z
− z̄

2
− α

2
z̄

)
z

= 1 + z
∂

∂z
− 1 + α

2
z̄z

= 1 + z

(
∂

∂z
+

1 + α

2
z̄ − (1 + α)z̄

)
= 1 + izT † − (1 + α)z̄z . (3.49)

Thus the Hamiltonian can be rewritten as

H = 2ωL

[(
C†C − iαz̄

2
C

)
+
α

2
(1 + izT † − (1 + α)z̄z) +

α2

4
z̄z +

1

2

]
+

ω2

2ωL
z̄z .

(3.50)
From this expression, we find the factor z̄z cancels for

−ωLα(1 + α) +
α2

2
ωL +

ω2

2ωL
= 0

=⇒ α =
−ωL ±

√
ω2
L + ω2

ωL
(3.51)

Notice that we can require α → 0 as ω → 0. Thus the value of α is uniquely
fixed by

α =
−ωL +

√
ω2
L + ω2

ωL
. (3.52)
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In this case, the Hamiltonian (3.50) becomes

H = 2ωL

(
C†C − iαz̄

2
C

)
+ (1 + α)ωL + αωLz

(
∂

∂z
+

1 + α

2
z̄

)
(3.53)

where the last term represents a magnetic-translation type operator. From this,
we can define the state of LLL by

C|LLL〉 = 0 . (3.54)

Thus the LLL wave function ΨLLL obeys(
∂

∂z̄
+

1 + α

2
z

)
ΨLLL = 0 (3.55)

which leads to

ΨLLL = exp

(
−1 + α

2
z̄z

)
f(z) . (3.56)

f(z) is an arbitrary holomorphic function. Using this expression, we find(
∂

∂z
+

1 + α

2
z̄

)
ΨLLL = exp

(
−1 + α

2
z̄z

)
∂f(z)

∂z
. (3.57)

Schrödinger equation is then written as

HΨLLL = e−
1+α
2 z̄z

[
(1 + α)ωL + αωLz

∂

∂z

]
f(z) = e−

1+α
2 z̄zEf(z) . (3.58)

Thus the equation for f(z) is

(1 + α)ωLf(z) + αωLz
∂

∂z
f(z) = Ef(z) . (3.59)

This has the solution

f(z) = zk, E = Ek = (1 + α)ωL + kαωL (k = 0, 1, 2, · · · ). (3.60)

Since the value of the parameter α is given by α by (3.52), we see that the the
energy eigenvalues Ek behave as

Ek → ωL as ω → 0 ,

Ek ≈ (k + 1)ω for ω ≥ ωL .

In other words, when the oscillator potential ω can be ignored, all eigenstates
are degenerate, while in the large ω limit the eigenstates can be approximated
to those of a two-dimensional oscillator. This gives a consistency check on our
solution. The important point is that while the degeneracy is lifted as expected,
and consistent with the electrons being confined inside the sample, the wave
functions, apart from the pre-factor, are holomorphic in z. We can now use this
to construct the many-electron wave function.
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Laughlin wave function

From (3.60) we find that the LLL has multiple energy levels corresponding
to k = 0, 1, 2, · · · . We can thus consider the situation where N of the lowest of
these states are filled by N electrons. Since we neglect spin, by Pauli principle,
we allow one electron per state. The many-electron wave function must be
antisymmetric under the exchange of any two, and hence it must be given by a
Slater determinant. Thus it should be of the form

Ψ =

∣∣∣∣∣∣∣∣∣
ψ1(x1) ψ2(x1) · · · ψN (x1)
ψ1(x2) ψ2(x2) · · · ψN (x2)

... · · ·
...

ψ1(xN ) ψ2(xN ) · · · ψN (xN )

∣∣∣∣∣∣∣∣∣ (3.61)

where ψk(xi) denotes a 1-particle wave function for i-th particle for the state
labeled by k. In the present case, ψk (k = 0, 1, 2, · · · , N − 1) are given by

f(z) = 1, z, z2, · · · , zN−1. (3.62)

Thus for two electrons, the corresponding determinant is then given by∣∣∣∣ 1 z1

1 z2

∣∣∣∣ = (z2 − z1) (3.63)

where we ignore a normalization factor. Similarly, for three electrons we have∣∣∣∣∣∣
1 z1 z2

1

1 z2 z2
2

1 z3 z2
3

∣∣∣∣∣∣ = (z1 − z2)(z2 − z3)(z3 − z1) . (3.64)

For N electrons, one can generalize this argument to show that the determinant
is given by∣∣∣∣∣∣∣∣∣∣∣∣

1 z1 z2
1 · · · zN−1

1

1 z2 z2
2 · · · zN−1

2
...

...
. . .

...
...

...
. . .

...

1 zN z2
N · · · zN−1

N

∣∣∣∣∣∣∣∣∣∣∣∣
=
∏
i>j

(zi − zj) = (−1)
N(N−1)

2

∏
i<j

(zi − zj) . (3.65)

This is called the Vandermonde determinant. This determinant is relevant to
holomorphic part of the ground state wave functions. Including the pre-factor
from the single-particle wave functions, we can take the many-electron wave
function for the filled Landau level to be

Ψ = N exp

(
−1 + α

2

N∑
i=1

z̄izi

) ∏
1≤i<j≤N

(zi − zj) (3.66)
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where N is a normalization constant. This wave function is known as the
Laughlin wave function for integer QHE.

The highest occupied 1-particle state is proportional to e−
1+α
2 z̄zzN−1. The

square of this is then given by

|(highest 1-particle state)|2 ∼ e−(1+α)z̄z(z̄z)N−1 . (3.67)

This value has a maximum at

−(1 + α)z̄z + (N − 1) = 0 . (3.68)

From (3.40), we find z̄z = eB
2 r

2 where r is the radius of a droplet of occupied
states within the LLL state. The above relation then becomes

N − 1 = (1 + α)
eB

2π
(πr2) = (1 + α)

eB

2π
(area) . (3.69)

The factor α is due to the oscillator potential ω. This is a more exact derivation
of the result (3.24) relating N and the B and the area of the occupied states.
In the limits of ω → 0 and N being large, (when the semiclassical argument is
acceptable), this recovers the result in (3.24), i.e.,

N ≈ eB

2π
(area) . (3.70)

The harmonic oscillator potential is only to show how the degeneracy gets
lifted. In a real system, the average potential inside the sample can be taken to
be zero, except very close to the edge of the sample. Thus, if we try to model
this by an oscillator potential, the corresponding ω is very small. The result
(3.70) is thus obtained in a fairly straightforward way.

Figure 3.3: Quantum Hall droplets for integer QHE — In the integer QHE, the
separation distance l is sufficiently large in comparison with the linear extent of
the droplets that effects of Coulomb interactions can be neglected.
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Notice that we have ignored electron-electron interactions. In the case of
the integer QHE, the electron-electron interaction does not play a significant
role. This is not to say that it can be neglected. Rather, because the states
are all occupied and the exclusion principle prevents the totally free motion of
any electron, the influence of the electrostatic repulsion on the dynamics is not
significant. Ultimately, this is a question of the size of the Landau orbits and
the range of the Coulomb interaction. (The latter has a finite screening length
in the solid due to the ions and Thomas-Fermi effect.) If however, the individual
Landau wave functions are broad enough to cause overlap of wave functions and
hence a higher Coulomb energy, it can force a situation where not all states are
occupied. (See Fig. 3.3, where the average separation distance is denoted by
l. At some values of B, l is in the order of a screening length and Coulomb
repulsion effects become important.) This is the case for fractional QHE which
we shall discuss in the next section.



Chapter 4

Fractional QHE

In this chapter, we shall consider the fractional quantum Hall effect, where, as
mentioned in the last chapter, the electron-electron Coulomb forces are impor-
tant. Qualitatively, one would expect that the system would try to minimize the
Coulomb energy by trying to keep the electrons away from each other. Thus
compared to the integer Hall effect, say with ν = 1, where essentially every
available state in the lowest Landau level is occupied, we should expect that
the filling fraction is less than 1. However, so far, there is no fully satisfac-
tory derivation of the fractional quantum Hall states from a theoretical point
of view. The problem is easy enough to pose: We have a many-electron system
with an external magnetic field and the electrostatic electron-electron repulsion;
an overall confining potential (such as the oscillator potential we introduced in
the last chapter) could be added to keep the electrons within the sample. Start-
ing from this Hamiltonian, one would like to derive the fractional QHE state
as the ground state. This would constitute a “first principles” derivation of
fractional quantum Hall effect. In the absence of such a derivation, essentially,
the entire analysis of the problem is done using the wave function which was
suggested by Laughlin. In numerical simulations, Laughlin was able to argue
for such a state to minimize the Coulomb energy. We will first discuss this
Laughlin wave function and then go on to the dynamics of holes in fractional
QHE and then present some algebraic considerations related to the hole dynam-
ics. Our focus will be primarily on states with filling fractions of the form (odd
integer)−1, which can be discussed using the Laughlin wave function. Some of
the algebraic features we want to discuss are most easily brought out in terms
of these states. However, it should be kept in mind that these are not the only
fractional quantum Hall states possible. There are also other many-body QHE
states such as the Jain states and the Moore-Read state. We will not discuss
these here.

41
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4.1 Laughlin wave function for fractional QHE

Along the lines of analyses made in the previous chapter, fractional QHE is best
understood by the following wave function proposed by Laughlin.

Ψ = (prefactor)
∏

1≤i<j≤N

(zi − zj)2p+1 (4.1)

where p = 0, 1, 2, · · · . While it has not been possible to derive this from any
kind of “first principles”, there are some features which are worth emphasizing.
Since electrons are fermions, the wave function should be antisymmetric under
the exchange of any two positions, this is taken care of by the odd power 2p+ 1
for the (zi − zj) factors. Further, the Coulomb interaction would want to keep
the electrons further from each other, so that we may expect a stronger vanishing
condition as the positions of two electrons approach each other. Thus a higher
power for the (zi − zj) factors may be expected. This should also be reflected
in the filling fraction, to which we now turn. As in the case of integer QHE,
the highest 1-particle state of the system is proportional to z(N−1)(2p+1), with
its prefactor being exp(− z̄z2 ), given that we can ignore potential factors. A
maximum of the 1-particle wave function is then obtained at

−z̄z + (N − 1)(2p+ 1) = 0 (4.2)

which leads to the relation

N − 1 =
eB

2π

1

2p+ 1
(area) . (4.3)

These are analogous to the results of the integer QHE in (3.68) and (3.69). In
the large N limit, a charge density of a Landau level filled with N electrons is
expressed as

〈J0〉 =
Ne

(area)
≈ ν

e2B

2π
, (4.4)

ν =
1

2p+ 1
(4.5)

(p = 0, 1, 2, · · · ). Following the same line of reasoning as in Section 3.2, electric
currents corresponding to (4.5) are given by

〈Ji〉 = −ν e
2

2π
εijEj (4.6)

where i, j take values of 1, 2. Since ν = 1
3 ,

1
5 ,

1
7 , · · · , excluding the case of

ν = 1, the above results show fractional quantization of the Hall conductivity.
In reality, other quantization values, e.g., ν = 2

5 , are observed. There are even
states with even denominators, for example, for ν = 1

2 . We will not discuss
these here, but refer the reader to the extensive literature on the subject.
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It is useful to consider a picture of the filled states before we embark on
considering the excited states. Recall that classically, we have Landau orbits,
each having a certain radius. Quantum mechanically, we do not have well defined
orbits, but each state is spread out a little with an approximate radius which
is the same as the classical radius. Thus each state occupies an area equal to
2π/eB. The number of states in an area A is thus A/(2π/eB) = (eB/2π)A.
This is in agreement with the counting of states we have given. Further, we can
only have one electron for each state due to the exclusion principle. With even a
small additional potential, it is preferable to occupy states close to the minimum
values of the potential, so the occupied states form a contiguous region, with
one electron per state. This is thus a quantum Hall droplet of electrons. The
exclusion principle prevents the compression of this droplet, so that we have an
incompressible droplet.

It is now easy to see that there are two types of excitations possible for
the quantum Hall droplet. The first type would consist of deformations of the
boundary of the droplet, keeping the total area fixed, since that is proportional
to the number of electrons we have. These are the so-called edge excitations.
They can be studied in a simple hydrodynamic formulation where we consider
the edge-deformations of a liquid droplet which is incompressible.

The other type of excitation would involve taking an electron from deeper
inside the droplet and putting it outside of the droplet. This leaves a hole
inside the droplet. This is the hole excitation. These two types of excitations
are shown in Fig. 4.1.

Hole excitation

For integer QHE, the ground-state wave function is proportional to the Van-
dermonde determinant,

∣∣∣∣∣∣∣∣∣∣∣∣

1 z1 z2
1 · · · zN−1

1

1 z2 z2
2 · · · zN−1

2
...

...
. . .

...
...

...
. . .

...

1 zN z2
N · · · zN−1

N

∣∣∣∣∣∣∣∣∣∣∣∣
=
∏
i>j

(zi − zj) . (4.7)

This is the Slater determinant of the fermions, with 1, z, z2, etc., being the
single-particle states. Consider a hole at the center of a droplet formed from
these. The state at the center corresponds to 1, and hence we can write a
wave function for the system with hole by omitting this state from the Slater
determinant. However, we do have N electrons still, and the lowest energy
configuration would be to put the electron which was removed into the next
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Figure 4.1: Excitations of quantum Hall droplets

available state, which is zN . Thus the new state would be described by∣∣∣∣∣∣∣∣∣∣∣∣

z1 z2
1 z3

1 · · · zN1
z2 z2

2 z3
2 · · · zN2

...
...

. . .
...

...
...

. . .
...

zN z2
N z3

N · · · zNN

∣∣∣∣∣∣∣∣∣∣∣∣
= z1z2 · · · zN

∏
i>j

(zi − zj) . (4.8)

This gives the hole excitation for the QHE droplet. This wave function for the
hole-excited state can also be written as

Ψhole =

N∏
i=1

(zi − w)ΨLaughlin (4.9)

where ΨLaughlin is the Laughlin wave function for integer QHE shown in (3.66)
and w denotes the position of a hole. The position of the hole was z = 0
for the case in (4.8) since we took the electron out of the single-particle state
exp(− 1

2zz̄).

In a way similar to this, for fractional QHE, we can then express a wave
function of a 1-hole excited state by

Ψhole = N exp

(
−1

2

N∑
i=1

z̄izi

)
N∏
i=1

(zi − w)
∏

1≤i<j≤N

(zi − zj)2p+1 (4.10)

where N is a normalization coefficient. Notice that we ignore potential factors
in the above expression.

For the integer case (4.9), we can easily put an electron back to the system;
this can be carried out simply by shifting N to N + 1. For the fractional case
(4.10), however, the powers of (zi−w) and (zi−zj) do not match to each other.
This suggests that we need as many as (2p+ 1) holes at same position in order
to fill the hole with an electron. A charge per hole is then given by a fractional
charge e

2p+1 . Notion of fractional charges therefore naturally arises in a system
of fractional QHE.
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4.2 Effective theory of fractional QHE

In this section, we consider an effective theory of fractional QHE using the
following action

S =

∫
d3x

[
k

4π
εµναaµ∂νaα + aµ

(
jµ − e

2π
Bµ
)]

(4.11)

where aµ (µ = 0, 1, 2) is a new auxiliary field and jµ denotes a hole current.
k is a constant to be determined later. The field strength Bµ is defined by
Bµ = εµνα∂νAα. (We are using a three-dimensional covariant notation now. B0

is the magnetic field, Bi will refer to the electric fields.) The electromagnetic-
coupling term in (4.11) can be more explicitly written out as

− e

2π

∫
d3x aµε

µνα∂νAα =
e

2π

∫
d3x ∂νaµε

µναAα

= − e

2π

∫
d3x εαµν∂µaνAα

≡
∫
d3x AαJ

α , (4.12)

Jα = − e

2π
εαµν∂µaν (4.13)

where Jµ denotes the electromagnetic current.

Variation of aµ in (4.11) leads to the equation of motion

k

2π
εµνα∂νaα + jµ − e

2π
Bµ = 0 . (4.14)

From (4.13) and (4.14), we then find

Jµ =
e

k

(
jµ − e

2π
Bµ
)

=
e

k
jµ − e2

2πk
εµνα∂νA

α . (4.15)

The first term shows that the charge per hole is e/k. Thus, from the argument
given earlier, we can determine k as

k = 2p+ 1 (p = 1, 2, · · · ) (4.16)

for fractional QHE.

Dynamics of a hole

We can discuss dynamics of a hole by introducing time-dependence to the
position of a hole, i.e., wµ = wµ(t) (µ = 0, 1, 2, t = x0). The hole current jµ is
written as

jµ = ẇµδ(2)(~x− ~w(t)) (4.17)
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where ~x and ~w are 2-dimensional vectors ~x = (x1, x2), ~w = (w1, w2); we shall
denote these without arrows when it is obvious. Using this current in (4.11),
the effective action for one-hole dynamics is then expressed as

Shole =

∫
d3x

k

4π
εµναaµ∂νaα +

∫
aµ(w)ẇµdt+

∫
mẇ2

2
dt . (4.18)

We have also added a kinetic energy term for the motion of the hole. Variation
of this action with respect to aµ gives the equation of motion

k

2π
εµνα∂νaα + ẋµδ(2)(x− w) = 0 . (4.19)

For µ = 0, this becomes

k

2π
(∂1a2 − ∂2a1) + δ(2)(x− w) = 0 . (4.20)

It is convenient to introduce complex coordinates by

z = x1 + ix2 , z̄ = x1 − ix2 , (4.21)

∂z = 1
2 (∂1 − i∂2) , ∂z̄ = 1

2 (∂1 + i∂2) , (4.22)

az = 1
2 (a1 − ia2) , az̄ = 1

2 (a1 + ia2) . (4.23)

The expression (∂1a2 − ∂2a1) is given in terms of these combinations as

∂1a2 − ∂2a1 = (∂z + ∂z̄)

(
az̄ − az

i

)
− ∂z̄ − ∂z

i
(az + az̄)

=
2

i
(∂zaz̄ − ∂z̄az) . (4.24)

The equation of motion (4.20) takes the form

∂zaz̄ − ∂z̄az = −iπ
k
δ(2)(x− w) . (4.25)

Using the relations

∂z
1

z̄ − w̄
= πδ(2)(x− w) , ∂z̄

1

z̄ − w̄
= πδ(2)(x− w) , (4.26)

we can easily find that a solution of (4.25) is given by

az̄ = − i

2k

1

z̄ − w̄
, az =

i

2k

1

z − w
. (4.27)

We now go back to the action for the hole and write it in a gauge where
a0 = 0, to get the dynamics for a hole at the position z 6= w as given by the
action

Shole =

∫
dt

(
1

2
m ˙̄zż + az ż + az̄ ˙̄z

)



47

=

∫
dt

(
1

2
mẇ2 + a1ẇ

1 + a2ẇ
2

)
. (4.28)

The canonical momenta for this action are given by

pi = mẇi + ai ≡ −i
∂

∂wi
. (4.29)

In terms of the complex combinations we have been using, this can be written
as

mż = −i ∂
∂z̄
− az̄ ,

m ˙̄z = −i ∂
∂z
− az . (4.30)

We will now show how this can be interpreted as a new representation of the
Heisenberg algebra, different from the usual Schrödinger representation.

4.3 Heisenberg algebra and fractional spins

The Heisenberg algebra is generally expressed by the commutation rules

[x̂
(α)
i , x̂

(β)
j ] = 0

[x̂
(α)
i , p̂

(β)
j ] = i δij δ

αβ

[p̂
(α)
i , p̂

(β)
j ] = 0

(4.31)

where α, β = 1, 2, · · · , N and i, j denote the spatial indices. With regard to this
algebra, we have already mentioned the Stone–von Neumann theorem which
states that the representation of this algebra is unique (up to unitary equiva-
lence) if N is finite and the underlying phase space of all (x, p) is simply con-
nected. The two premises are important. For example, if N is not finite, one
can have distinct representations of the algebra which correspond to different
phases; thus phase transitions take place in the N → ∞ limit. (This limit is
also often referred to as the thermodynamic limit.) This happens in the BCS
theory of superconductivity. We shall consider this case in a separate chapter.

When there are holes in space, the assumption of simple connectivity fails.
This, we shall now show, happens for the hole excitation states in the fractional
QHE.

We shall first see how there is only one representation of the algebra (4.31)
if the space of the x’s is simply connected. Since the x’s commute among them-
selves, we can find a representation in which the x-operators are all simultane-
ously diagonalized. This is obviously the standard representation in quantum
mechanics given by

x̂i → xi , p̂i → −i
∂

∂xi
. (4.32)
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This is the Schrödinger representation which clearly obeys the algebra (4.31).
Another solution to the algebra is given by

x̂i → xi , p̂i → −i
∂

∂xi
+ ai(x) . (4.33)

where ai(x) has to be restricted by [p̂i, p̂j ] = 0, i.e.,[
−i ∂
∂xi

+ ai(x) , −i ∂
∂xj

+ aj(x)

]
= −i

(
∂aj
∂xi
− ∂ai
∂xj

)
= 0 . (4.34)

If xi are defined on simply connected space, then ai can be parametrized as

ai = ∂iΛ (4.35)

where Λ is an arbitrary function of xi. In this case, the representation (4.33) is
expressed as

x̂i = U−1xiU , p̂i = U−1

(
−i ∂
∂xi

)
U , (4.36)

U = exp(iΛ) . (4.37)

Thus the representation (4.33) is equivalent to the Schrödinger representation
(4.32) via unitary transformations. In this sense, the algebra has only one
unitary representation.

If the space is not simply connected, that is, if the space has noncontractible
loops, then the condition (4.34) has nontrivial solutions other than (4.35). More
precisely, one can show that ∂iaj − ∂jai = 0 has a nontrivial solution if and
only if the space has noncontractible loops. For example, we can choose

az = ic
1

z − w
, az̄ = −ic 1

z̄ − w̄
(4.38)

where c is a constant. For hole dynamics in the fractional QHE, we can set c =
1
2k = 1

2(2p+1) where p = 1, 2, · · · . By use of (4.26), we then find ∂zaz̄ − ∂z̄az = 0

on R2 − {w}. This space corresponds to the configuration space of one-hole
dynamics in the fractional QHE. The key for us is that the point w is to be
excluded from space in the sense that other particles do not have access to it.
For example, the wave function vanishes if any zi for any electron is equal to w.
We can re-express the solution (4.38) as

az = ∂zΛ , az̄ = ∂z̄Λ ,

Λ(z, w) = ic [log(z − w)− log(z̄ − w̄)] . (4.39)

In analogy with (4.36), we might also try to define a set of transformed operators
x̂i = U−1xiU , p̂i = U−1(−i∂/∂xi)U , where

U(z, w) = eiΛ(z,w) . (4.40)
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Figure 4.2: Contour C for the unitary transformation of U

The point, however, is that U(z, w) is not a single-valued function on the space.
Consider moving along a curve C around the point w as in Fig. 4.2. The
factor log(z −w) in (4.39) shifts by 2πi so that after one traversal of the curve,
U → e−4πicU . Alternatively,

U(e2πiz, e2πiw) = e−4πicU(z, w) . (4.41)

This means that U is not a single-valued function unless c = n
2 where n is

integer. For the case of hole dynamics, c = 1
2(2p+1) , so that this condition is

generally not obtained, except for p = 0 which corresponds to the integer Hall
effect.

We have the result that ∂iaj − ∂jai = 0 on the space under consideration.
Thus the phase change in U is unaltered by deformations of the curve C. It
is a topological invariant. Now, if space were simply connected, we can use
a series of small deformations to shrink the curve to a point, where upon it
is clear that there should be no change in U . Thus, for a simply connected
space, the allowed U ’s must be single-valued. However, if we do not have simple
connectivity, the the allowed U ’s do not need to be single-valued; there is no
contradiction. However, a nonsingle-valued U does not qualify as an acceptable
unitary transformation. For that the U ’s must be proper functions on the space,
which means that it should have a unique value for each point. It must be single-
valued.

The situation is now clear. For a simply connected space, we must have
a unique representation (up to unitary equivalence), which is given by the
Schrödinger representation. For the case of hole dynamics in fractional QHE,
the representation given by (4.30) is not unitarily equivalent to the Schrödinger
representation.

Two-hole dynamics

As discussed in (4.20), az and az̄ obey the equation

− ik
π

(∂zaz̄ − ∂z̄az) + j0 = 0 (4.42)
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where j0 = δ(2)(x− w) for a single hole system. For two holes, j0 is given by

j0 = δ(2)(x− w1) + δ(2)(x− w2) . (4.43)

Since (4.42) is linear in the a’s, a solution in this case is given by

az̄ = − i

2k

(
1

z̄ − w̄1
+

1

z̄ − w̄2

)
, (4.44)

az =
i

2k

(
1

z − w1
+

1

z − w2

)
. (4.45)

Dynamics of two holes (at w1 and w2) can thus be described by the action

S =

∫
dt
[m

2
˙̄w1ẇ1 +

m

2
˙̄w2ẇ2 + aw1

ẇ1 + aw̄1
˙̄w1 + aw2

ẇ2 + aw̄2
˙̄w2

]
(4.46)

where we remove singularities at two poles, i.e.,

aw1
=

i

2k

1

w1 − w2
, aw2

=
i

2k

1

w2 − w1
, (4.47)

aw̄1
= − i

2k

1

w̄1 − w̄2
, aw̄2

=
i

2k

1

w̄2 − w̄1
. (4.48)

We can interpret the singularities as something like Coulomb self-interactions
so that the elimination of these singularities is physically reasonable. As in the
case of one-hole dynamics, momentum operators of a hole are expressed as

mẇ1 = −i ∂

∂w̄1
− aw̄1 ≡ −iD1 , (4.49)

m ˙̄w1 = −i ∂

∂w1
− aw1

≡ −iD1 , (4.50)

D1 =
∂

∂w̄1
− ∂

∂w̄1

[
1

2k
log(w̄1 − w̄2)− 1

2k
log(w1 − w2)

]
, (4.51)

D1 =
∂

∂w1
− ∂

∂w1

[
1

2k
log(w̄1 − w̄2)− 1

2k
log(w1 − w2)

]
. (4.52)

Similar results can be obtained for the other hole,

D2 =
∂

∂w̄2
− ∂

∂w̄2

[
1

2k
log(w̄2 − w̄1)− 1

2k
log(w2 − w1)

]
, (4.53)

D2 =
∂

∂w2
− ∂

∂w2

[
1

2k
log(w̄2 − w̄1)− 1

2k
log(w2 − w1)

]
. (4.54)

The Hamiltonian of the system is given by

H =
m

2
˙̄w1ẇ1 +

m

2
˙̄w2ẇ2 . (4.55)
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In terms of Di and Di (i = 1, 2), this is written as

H = − 1

2m

(
D1D1 +D2D2

)
≡ HD1

+HD2
. (4.56)

We now consider a Schrödinger equation relevant to HD1 , introducing an
ansatz for the wave function, Ψ = eFΦ. The derivative of Ψ with respect to D1

becomes

D1Ψ =

(
∂

∂w̄1
− ∂

∂w̄1

[
1

2k
log(w̄1 − w̄2)− 1

2k
log(w1 − w2)

])
eFΦ

= eF
(

∂

∂w̄1
Φ +

∂F

∂w̄1
Φ

− ∂

∂w̄1

[
1

2k
log(w̄1 − w̄2)− 1

2k
log(w1 − w2)

]
Φ

)
. (4.57)

Identifying F as

F (w1, w2) =
1

2k
[log(w̄1 − w̄2)− log(w1 − w2)] , (4.58)

we can then reduce the Schrödinger equation HD1
Ψ = E1Ψ to H∂1Φ = E1Φ

where

H∂1 = − 1

2m

∂

∂w1

∂

∂w̄1
(4.59)

is an ordinary Hamiltonian for a free particle and Φ denotes an ordinary Schrödinger
wave function for a hole. The wave function Ψ is therefore expressed as

Ψ(w1, w2) = exp

(
1

2k

[
log(w̄1 − w̄2)− log(w1 − w2)

])
Φ . (4.60)

An exchange of the hole positions can be carried out by a π-rotation of the two
points and then translating the positions back to w1 and w2, as shown in Fig.

Figure 4.3: π-rotation on complex plane for the exchange of hole positions
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4.3. Notice that translations do not affect the form of Ψ. Under this operation,
the wave function transforms as

Ψ(w2, w1) = exp

(
1

2k
(−iπ − iπ)

)
Ψ(w1, w2) = exp

(
−iπ
k

)
Ψ(w1, w2) (4.61)

where, as mentioned earlier, k = 2p + 1 (p = 1, 2, · · · ) for the fractional QHE.
For the integer QHE, we have p = 0 corresponding to k = 1 so that (4.61) is
consistent with the fact that a hole is a fermion with spin 1

2 . For k > 1, however,
(4.61) shows that holes in the fractional QHE obey “fractional statistics”.

In two spatial dimensions, it is possible to have fractional values for spin for
a particle. The usual quantization for spin in terms of integer or half-integer is
because the angular momentum operators do not commute among themselves
and because we need a unitary representation. In two spatial dimensions, there
is only one rotation and the issue of noncommutativity of the operators does
not arise. Thus fractional values for spin are possible. This holds true even
in a Lorentz-invariant theory, for which the rotation generator and the two
generators of Lorentz transformations do not commute. This is because of the
noncompact nature of the Lorentz group (and the full Poincaré group including
translations), which allows unitary representations with fractional spin.

There is a spin-statistics connection in two spatial dimensions as well, ac-
cording to which the result we have shown means that holes have fractional spins
or that they are “anyons”. These results can be considered as a consequence
of the different representation of the Heisenberg algebra that arises from the
nonsimply connected nature of the space of interest.



Chapter 5

Quarks and the
spectroscopy of hadrons

5.1 Symmetry of hadrons

Fundamental particles, as we know them today, consist of four different types,
the quarks, the leptons, the gauge bosons and the Higgs particle. Quarks and
leptons are fermions and can be considered the basic building blocks from which
all matter is made. The gauge bosons are the particles which mediate forces;
they are necessary, among other things, to provide the binding forces for quarks
and leptons so that composite particles and bound states can be built up. Fi-
nally, there is the Higgs particle which is needed for giving masses to some of
the gauge particles and to the quarks and leptons. Up to now, six species (or
flavors as they are called) of quarks and six species of leptons are known to
exist. The six flavors of quarks are called up (u), down (d), strange (s), charm
(c), top (t) and bottom (b). Bound states of quarks are called hadrons; they
are subject to the strong nuclear forces (or the chromodynamic forces) and are
the strongly interacting particles we see in the laboratory. In this chapter, we
consider the spectroscopy of hadrons. There are two types of hadrons. One
is called the mesons which are made of a quark and an anti-quark (QQ) and
the other is called the baryons which consist of three quarks (QQQ). Protons
(which are uud bound states) and neutrons (udd) are examples of the baryons.
According to Particle Data Group (as of year 2013), masses of quarks are given
by mu ≈ 2.3, md ≈ 4.8, ms ≈ 95, mc ≈ 1275, mb ≈ 4180 and mt ≈ 173000 in
the unit of MeV.

In constructing the bound states of the heavy quarks (c, b, t), it is adequate
to treat the nonrelativistically as a good first approximation, with corrections
which can then be added in. This is because the binding energy for such bound
states, as measured by meson masses, is small compared to the masses of the
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quarks. Thus the spectroscopy of heavy-quark hadrons can be analyzed by a
simple Schrödinger equation. The interquark interaction can also be approxi-
mated by a nonrelativistic potential.

However, for hadrons made of the light quarks (u, d, s), a nonrelativistic
approach is not applicable. In comparing the mass of the proton (938 MeV)
with the masses of the up and down quarks which make up the proton, it is clear
that the binding energy is far greater than the masses; the quarks are in ultra-
relativistic motion. Not only is the relativistic dynamics important, but also
the concept of potential, which is classical and non-relativistic, breaks down. In
fact, single particle dynamics is also not adequate since there is enough energy
to create a sea of virtual and real light quarks. The spectroscopy of light-quark
hadrons then needs to be analyzed by some other means. One promising ap-
proach is to make numerical simulations by use of powerful computers. Another
approach is to use symmetries of hadrons. We shall discuss the latter in this
chapter.

According to the standard model of particle physics, quarks obtain masses
via the spontaneous symmetry breaking of the electroweak symmetry. The field
theoretic realization of this is called the Higgs mechanism. In the symmetry
analysis we do not need the details of the Higgs mechanism. What is crucial for
our analysis is the simple fact that we can write down an effective Lagrangian
for quarks (including mass terms) as long as the energy level of interest is well
below the electroweak scale of 246 GeV, the energy level at which the electroweak
symmetry breaking takes place. The effective Lagrangian for light quarks is then
expressed as

L(Q) = Qiγ · (∂ − igA)Q+Q

 mu 0 0
0 md 0
0 0 ms

Q (5.1)

where Q and Q are defined as

Q =

 u
d
s

 , Q =
(
ū d̄ s̄

)
. (5.2)

An explicit form of the factor γ · (∂ − igA) in (5.1) is given by γµ(∂µ − igtaAaµ)
where µ = 0, 1, 2, 3 is the space-time index and ta (a = 1, 2, · · · , 8) are the color
matrices. (There is a color index for each species of quarks which also takes
three possible values, say 1, 2, 3, which is not explicitly shown; thus u should
really read ui, i = 1, 2, 3, etc. {ta} denote 3×3 matrices (8 of them) which form
a basis for the Lie algebra of SU(3). They act on the color index of the quarks.
This SU(3) is the color symmetry group, which is not broken and which we will
not explicitly show here. The SU(3) to be introduce below is a flavor SU(3) and
is totally distinct from this group.) Further, in (5.2), γµ, g and Aaµ denote the
Dirac gamma matrices, the coupling constant for strong interactions, and the
gluon fields, respectively. There are also terms involving gluons and electroweak
interactions but they are irrelevant for our symmetry analysis.
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We now consider a unitary transformation of Q, which can mix the different
flavors u, d, s. This is realized by an action of a (3× 3) unitary matrix U on Q:

Q→ Q′ = UQ , Q→ Q
′

= QU† . (5.3)

Since U†U = 1, the first term in (5.1) is invariant under this transformation. It
does not distinguish between different flavors of quarks, hence it is proportional
to the identity matrix in the flavor labels. On the other hand, the second
term breaks the U(3) symmetry because quark masses are not identical. As
mentioned before, they are related by ms � mu ≈ md. We can therefore
analyze the mass splittings among the mesons and baryons in terms of the
breaking of this symmetry. Precursor of this idea can be found in a theory of
crystal field splitting formulated by H. Bethe in the late 1920’s.

Actually, if we neglect all masses, there is a large symmetry U(3)L × U(3)R
since the Dirac operator can be split into left and right chiral components. In
other words, we can write

L(Q) = Qiγ · (∂ − igA)Q = QL iγ · (∂ − igA)QL +QR iγ · (∂ − igA)QR (5.4)

where QL = 1
2 (1 + γ5)Q, QR = 1

2 (1 − γ5). Thus it is possible to carry out
independent U(3) transformations on these components,

Q′L = ULQL, Q′R = URQR (5.5)

with the U in (5.3) being an element of the subgroup defined by UL = UR = U .
This chiral symmetry is actually only SU(3)L × SU(3)R × U(1), for reasons
related to a quantum anomaly; but this will not concern us here. Further
the curial symmetry SU(3)L × SU(3)R is spontaneously broken by the strong
gluon interactions. The relevant energy scale of this chiral symmetry breaking
is around 1 GeV. So the effective Lagrangian we are using should be valid for
processes with transfer momenta below about 1 GeV.

The mass term in (5.1) breaks the chiral symmetry, and even the diagonal
subgroup defined by UL = UR = U , explicitly. Thus the situation is a spon-
taneous symmetry breaking at a scale of about 1 GeV along with an explicit
symmetry breaking due to the quark masses and mass differences, which is at
a lower scale, . ms = 150 GeV. In the following, we discuss how we can realize
this symmetry structure in quantum theory.

5.2 Realization of symmetry in quantum theory

We will now return to the consideration of symmetry in quantum theory making
a refinement of the theorem 1.3 from Chapter 1. We start with the hamiltonian
H and let U(θ) denote a unitary transformation which is a symmetry of the
theory so that

U†(θ)H U(θ) = H , or [H,U(θ)] = 0 . (5.6)
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The parameters θ (there may be several of them) labeling the transformations
may be continuous as for a continuous symmetry (such as rotations or the
SU(3) transformations mentioned above) or discrete as for discrete symmetries
such as parity (in which case we have only one U different form identity with
U2 = 1). Given two such transformations Uθ) and U(θ′), we see that the
product Uθ)U(θ′) is also, obviously, a symmetry,

[U(θ)U(θ′)]
†
H U(θ)U(θ′) = U†(θ′)U†(θ)H U(θ)U(θ′) = U†(θ′)H U(θ′) = H .

(5.7)
The the composition of two symmetries (given by their multiplication as oper-
ators) is a symmetry. Thus starting with a set of U ’s and taking products, we
can eventually get a set of U ’s which is closed under multiplication; all of the
elements of this set will commute with H. The identity transformation exists
as the identity operator. U(θ), being unitary, has an inverse given by U†(θ).
Finally, operator multiplication is associative. Thus all the conditions defining
a group are satisfied and we can state that the set of all U ’s which commute
with H form a group, which we may designate as the symmetry group G of the
physical system.

Now consider the action of the symmetry group on the ground state |ψ0〉 of
the Hamiltonian. There are two possibilities for this,

1. U(θ) |ψ0〉 = 0 Wigner realization,
2. U(θ) |ψ0〉 6= 0 Goldstone realization.

(5.8)

First we consider the Wigner realization. Since the ground state is invariant
under the symmetry, we can go on to look at the excited states. Let |α〉 denote
an eigenstate of H with eigenvalue Eα, i.e.,

H |α〉 = Eα |α〉 . (5.9)

Since U(θ) commutes with H, we find

H U(θ)|α〉 = Eα U(θ)|α〉 (5.10)

so that U(θ)|α〉 is an eigenstate of H with the same eigenvalue; in other words
U(θ)|α〉 is degenerate with |α〉. By considering all elements U(θ) of the sym-
metry group G, we will obtain a number of degenerate states which are all
connected by the symmetry transformation. By construction, the subspace V
of the Hilbert space spanned by these states U(θ)|α〉 for all U(θ) (including
|α〉 which corresponds to U = 1) is invariant under the action of the U(θ)’s.
(Individual states change but are transformed to the state within V .) Further,
there cannot be a smaller subspace V ′ ⊂ V which is invariant under G since
V was constructed by including all states which are related to each other by
transformations in G. Thus we have a unitary irreducible representation of G
on the subspace V . Let {|i〉} denote an orthonormal basis for V . Then the ma-
trices 〈i|U |j〉 will reproduce the group composition laws under multiplication as
matrices.
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This argument may be extended to all eigenstates of H, so that they can all
be grouped into multiplets, the states within each multiplet having the same en-
ergy. Different irreducible representations can have different energy eigenvalues.
Symmetry does not give any reason why they should have the same eigenvalue,
so this is the generic situation. However, it could also happen that there are
several distinct irreducible multiplets which happen to have the same energy.
This was explained in Chapter 1 with the example of the excited states in the
Hydrogen atom.

We now turn to the Goldstone realization. In this case, we have to study the
properties of U(θ)|ψ0〉 6= 0. The first question is whether this state is normal-
izable, so that it is an element of the Hilbert space. Assume it is normalizable.
In this case, it will have the same eigenvalue for the Hamiltonian as |ψ0〉. Then
we can construct a state

|Ψ0〉 =
∑
θ

U(θ) |ψ0〉 (5.11)

where the summation (or integration) is over all values of θ. This state is
invariant under transformations in G since

U(θ′) |Ψ0〉 =
∑
θ

U(θ′)U(θ) |ψ0〉 =
∑
θ

U(θ̃) |ψ0〉 =
∑
θ̃

U(θ̃) |ψ0〉 = |Ψ0〉 .

(5.12)
Thus we have constructed a ground state that is invariant under the symmetry
and the situation reverts to the case of the Wigner realization. (There are com-
binations of U(θ)|ψ0〉 which are orthogonal to the state |Ψ0〉 in (5.12), but these
have generally higher energies.) So the truly different case is when U(θ) |ψ0〉 is
not normalizable. In that case, U(θ) |ψ0〉 is not an element of the Hilbert space
anymore. In this case, we cannot have a unitary realization of the symmetry
group at the level of the states. We have to choose a ground state which is not
symmetric and then when we build excited states by acting on the ground state
with suitable operators, the higher states also have no symmetry. We still have
the symmetry at the level of the operator commutation rules, H still commutes
with U , but it is not realized on the states. Thus the breakdown of symmetry
is only because of the ground state not having the symmetry. This situation is
known as spontaneous symmetry breaking.

A more general situation is that we can have a subgroup of transformations,
say h ∈ H ⊂ G, which are still a symmetry of the ground state in the sense
that U(h)|ψ0〉 = 0. In this case, we have a Wigner realization of the subgroup
and states can be classified by irreducible representations of H. But the trans-
formations in G which are not in H are not realized unitarily. In this case, we
say the the symmetry is spontaneously broken from G to H.

If the symmetry which is spontaneously broken is a continuous symmetry, the
parameters θa can be varied continuously. (There may be several parameters,
so we label them by a = 1, 2, etc. ) Taking θa = 0 as corresponding to the
identity, we may consider infinitesimal transformations of the form

U(θ) = exp(iθaQa) ≈ 1 + iθaQa . (5.13)
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This corresponds to some group element g = eiθ
ata ∈ G, where ta are the

generators of the infinitesimal transformations. And Qa in (5.13) are operators
corresponding to the generators ta. These generators will in general satisfy some
algebra

[ta, tb] = Ccab tc (5.14)

where Ccab are the structure constants of the Lie algebra of the group G. Cor-
respondingly, in terms of the operators Qa we will have

[Qa, Qb] = CcabQc (5.15)

with the same structure constants, showing that the Q’s give a representation
of the algebra (5.14).

In the Goldstone realization, we can consider Qa acting on the ground sate.
The result that U(θ) is not normalizable then translates into the statement that
〈ψ0|Qa|ψ0〉 is infinite. This statement is consistent with the non-normalizability
of |α〉 = Qa|ψ0〉 by virtue of the inequality

〈ψ0|ψ0〉〈α|α〉 ≥ |〈ψ0|α〉|2 = |〈ψ0|Qa|ψ0〉|2 . (5.16)

In terms of the action of U , we will have

〈ψ0|U(θ)|ψ0〉 = 0 (5.17)

so that transitions between states which may be thought of as connected by the
symmetry transformation are not obtained.

For the action of Qa on ψ0 to diverge and give a non-normalizable state, it
will be necessary to have an infinite number of degrees of freedom, or consider
systems in the thermodynamic limit of the number of degrees of freedom tending
to infinity. Thus the Goldstone realization is in the realm of quantum field
theory.

We may summarize the results on the realizations of symmetry as follows.

Theorem 5.1 Let G denote the symmetry group of a physical system in the
sense that the action of G leaves the Hamiltonian unchanged. Such a symmetry
can be realized in two modes:

1. The ground state |ψ0〉 is invariant under the action of G; this is the Wigner
realization

2. The ground state is not invariant under the action of G, i.e., the symmetry
is spontaneously broken. This is the Goldstone realization.

In the Wigner realization, the eigenstates of the Hamiltonian of a quantum
system can be classified into irreducible representations of the symmetry trans-
formations, the states within each irreducible representation being degenerate.
In the Goldstone realization, the symmetry cannot be realized unitarily; as a
result, the states do not show the symmetry structure.
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The breaking of the chiral SU(3) × SU(3) symmetry by strong interactions,
which was allied to above, is an example of the Goldstone realization. Another
case is superconductivity, which will be considered in the next chapter.

Now, coming back to the hadronic problem, we see that in the Wigner real-
ization, the spectrum of the theory or the states describing mesons and baryons
should fall into multiplets which carry irreducible representations of the U(3)
algebra. So we will now consider some of the irreducible representations of the
SU(3) group, or equivalently the SU(3) algebra.

5.3 Irreducible representations of SU(3)

The group SU(3), as the name indicates, is defined as the the set of all 3 × 3
unitary matrices U of unit determinant, detU = 1. It is useful to think of this
as acting as linear transformations of a vector space. For this, we first consider
a 3-component complex column vector

φi =

 φ1

φ2

φ3

 (5.18)

(i = 1, 2, 3). A linear transformation of this by the action of U is given by
φ′ = Uφ. In terms of the components, this is written as

φ′i =

3∑
k=1

Uikφk . (5.19)

The 3×3 matrix U with matrix elements Uik (and determinant 1) is the defining
representation of SU(3). Often, by a slight abuse of terminology, the space on
which the transformations act is also referred to as the representation. Thus,
we may also say that the space spanned by column vectors of the form (5.18) is
the defining representation (or fundamental representation) of SU(3).

We now consider a tensor version of the transformation, T ′ij = UikUjlTkl.
This is definitely a representation, as may be seen by checking the group com-
position law. Of we designate the direct product matrix UikUjl as Uij,kl (with
composite indices as shown), then it is to check that the composition of two
group elements U1 and U2 to form an element U3 is reproduced by the U’s as
well,

U1U2 = U3 =⇒ U1 U2 = U3 . (5.20)

The product representation U is in general reducible. Equivalently, the vector
space on which it acts splits into invariant subspaces for the action of the group.
This can however be seen by symmetrizing the tensor; the symmetric and anti-
symmetric components of the tensor transform separately. Transformations of
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the symmetric part are given by(
Tij + Tji

2

)′
=

1

2
(UijUjlTkl + UjkUilTkl︸ ︷︷ ︸

UjlUikTlk

)

= UijUjl

(
Tkl + Tlk

2

)
. (5.21)

This shows that the set of symmetric components transforms into itself; it forms
an invariant subspace. This is one irreducible component, no further reduction
is possible. Similarly, we find that the antisymmetric components transform
into themselves and form another invariant subspace,(

Tij − Tji
2

)′
= UijUjl

(
Tkl − Tlk

2

)
. (5.22)

This is also irreducible. The full 9 elements of Tij are thus reduced to two
irreducible representations, a six-dimensional one and a three-dimensional one.

By analyzing possible ways of reduction of a product, we will find three
simple rules for SU(3). The first rule, based on what we did so far is the
following.

Rule 1: Separate symmetric and antisymmetric indices.

Now we consider the complex conjugate of φi, i.e.,

φ∗i =

 φ∗1
φ∗2
φ∗3

 . (5.23)

The conjugate of (5.19) is written as φ∗i
′ = U∗ikφ

∗
k where the sum over k is

contracted. This can also be expressed as φ∗i
′ = U∗ikφ

∗
k = φ†k(U†)ki = (φ†U†)i,

i.e.,
φ∗′ = φ†U† . (5.24)

Notice that φ and φ∗ are linearly independent because conjugation is not a lin-
ear transformation. Clearly U∗’s must define another representation; it is called
the conjugate of the fundamental representation to the anti fundamental repre-
sentation. To avoid confusion and keep track of the conjugate representation,
we label the conjugate by upper indices

φ̄i = U ik
∗
φ̄k . (5.25)

A tensor of the form T ij transforms as

T ij
′

= U ik
∗
UjlT

k
l . (5.26)

Applying the Kronecker delta to the above transformation, we find

δij
′

= U ik
∗
Ujlδ

k
l = U ik

∗
Ujk = Ujk(U†)ki = (UU†)ij = δij (5.27)
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where the unitarity of U is used. δij is therefore an invariant tensor which can
be used for the contraction of indices to make a lower rank tensor from a higher
rank one. This operation is invariant in the sense that the quantity obtained
by the action of the Kronecker delta will transform properly under the group
transformations. We also have the relation

T ii
′

= U ik
∗
UilT

k
l = (U†U)kl T

k
l = δkl T

k
l = T kk . (5.28)

Thus T ii , or the trace of T , is invariant under U transformations; this is an
identity representation. From these facts, we can decompose the tensor T ij as

T ij = (Ttraceless)
i
j +

1

3
δij T

k
k . (5.29)

The traceless part and the trace would form two separate invariant subspaces
or equivalently two irreducible representations. This leads us to the next rule.

Rule 2: Separate out all contractions of upper indices with lower indices.

We have seen that contractions can be carried out by applying the invariant
tensor δij . There is another invariant tensor, the antisymmetric Levi-Civita
tensor εijk, arising from the condition detU = 1:

ε′ijk = UiaUjbUkcεabc = εijkdetU = εijk (5.30)

where we use the definition of the determinant as

εijkUiaUjbUkc = εabc (detU) . (5.31)

Thus we can use εijk or εijk for the contraction of tensor indices. For example,
suppose that the indices of Tij are antisymmetric. Then we can re-express these
components T k = Tijε

ijk. Since εijk is an invariant tensor, this shows that
Tij , equivalently T k, transform as the antifundmental representation of SU(3).
Similarly, we can make contractions such as T ijεijk = Tk. By successive use of
the ε-tensors, we can make antisymmetric indices disappear for tensors of any
ranks. This gives us rule 3.

Rule 3: Antisymmetric pairs of indices should be contracted with the invariant
tensor εijk or εijk.

Based on the rules we have enunciated, it is easy to see what kind of irre-
ducible tensor representations are possible for SU(3). Consider applying these
rules to a general tensor. A general tensor is of the form

T
i1i2···ip
j1j2···jq (5.32)

where each index can take values 1, 2, 3. From the third rule, we can say that
the tensor can be taken to be symmetric under permutations of all upper indices
(i1i2 · · · ip) and symmetric under permutations of all lower indices (j1j2 · · · jq).
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The trace of this tensor is a tensor of lower rank transforming into itself under
SU(3). Thus in isolating irreducible components, we may set it to zero, taking
it as having been already counted among the lower rank tensors. This is an
application of our second rule. Thus we can say

δinjmT
i1i2···ip
j1j2···jq = 0 . (5.33)

We need to consider only the traceless part of a tensor like (5.32) in getting
irreducible representations. The combination of the two conditions (5.32) and
(5.33) gives all finite-dimensional irreducible representations of the SU(3) alge-
bra.

Let us now count the dimension of these tensor representations. First con-
sider the set of indices (i1i2 · · · ip), each taking values 1, 2, 3. Since this is sym-
metric, we may think of this as having k indices having the value 3, with p− k
indices taking values either 1 or 2. So we could have p−k 1’s, zero 2’s, p−k−1
1’s, one 2, etc. Obviously we have p − k + 1 possibilities. Allowing k to range
from zero to p, we get

∑
k(p− k+ 1) = 1

2 (p+ 1)(p+ 2) Thus, to begin with, the
number of independent components in (5.32) is 1

2 (p+1)(p+2)× 1
2 (q+1)(q+2).

Removing the trace (which corresponds to p− 1 and q− 1 indices), this number
reduces to

(p+ 1)(p+ 2)

2

(q + 1)(q + 2)

2
− p(p+ 1)

2

q(q + 1)

2
=

(p+ 1)(q + 1)(p+ q + 2)

2
.

(5.34)
This number gives the dimension of SU(3) in the irreducible representation
which may be labeled by (p, q). Examples of these are given by the following
table.

The representation (p, q) = (1, 1) is called the adjoint representation. This
corresponds to tensors of the form T ij . In terms of these dimensions the reduction
(5.29) can be expressed as

3⊗ 3∗ = 1⊕ 8 (5.35)

where 1 denotes the identity representation.

Table 5.1: Some low dimensional irreducible representations of SU(3)

(p, q) Dimension (p, q) Dimension

(1, 0) 3 (3, 0) 10
(0, 1) 3∗ (0, 3) 10∗

(2, 0) 6 (2, 1) 15
(0, 2) 6∗ (1, 2) 15∗

(1, 1) 8 (2, 2) 27
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Tensor analysis for SU(2): a digression

The above analysis is also applicable to the SU(2) algebra in which case
we have a rank-2 invariant tensor εij . Contraction of tensor indices with εij or
εij leads to no distinction between upper and lower indices, e.g., Tiε

ij = T j .
Thus it is sufficient to consider a tensor with lower indices only Ti1i2···iq where
(i1, i2, · · · iq) are symmetric, with i’s taking the values 1, 2. The irreducible
representation is then labeled by a single integer q; the value of spin j is given
by q/2. The dimension of this representation corresponds to the number of
independent components of Ti1i2···iq , which is obviously q + 1 = 2j + 1.

5.4 Mesons and baryons and mass formulae

We can now consider the application of the results of the previous section to the
spectroscopy of hadrons. This is a fairly straightforward case, the flavor SU(3)
symmetry is realized in the Wigner mode with explicit symmetry breaking terms
due to the mass differences among the quarks. First consider mesons which are
bound states of a light quark Q and a light antiquark Q. The quark content
of the mesons can thus be given as M i

j = QiQj . Since quarks transform as the
fundamental representation 3 of SU(3), the mesons belong to the product 3⊗3∗.
Using the decomposition (5.35), we can then split these mesons into singlets
(trace part) and octets (traceless part). Thus we should expect 8 mesons
of approximately equal mass and one meson which may have a significantly
different mass. Further since quarks are spin- 1

2 particles, we should expect at
least a set of spin-0 and spin-1 mesons, with the bound quarks being in a state
of zero orbital angular momentum. There could be higher ones with nonzero
orbital angular momentum for the quarks as well. Further, parity is preserved by
strong interactions, so we can expect parity even and parity odd states for each
spin and SU(3) representation. For typical spin-0 and parity-odd mesons (the
so-called pseudoscalar mesons), their masses and quark contents are listed in
Table 5.2. The upper scripts stand for the electric charges of the mesons, being
consistent with the charges of light quarks (+3/2,−1/3,−1/3) for (u, d, s). The
table also lists the lowest lying spin-1 and parity-odd mesons (the so-called
vector mesons).

Baryons are bound states of three quarks (QQQ). In terms of the tensor
representation, this can be expressed as Tijk. This is reducible since we can
make contractions such as Tijkε

jkl = T li . Baryons are then classified by the
decuplets Bijk and the octets Bij . In fact, in terms of the dimension of SU(3),
this can be expressed as

3⊗ 3⊗ 3 = (6⊕ 3∗)⊗ 3

= 10⊕ 8⊕ 8⊕ 1 . (5.36)

Since quarks have spin 1
2 , baryons have spin 1

2 and 3
2 . First consider the de-

cuplet of baryons. These correspond to the (3, 0) representation and is totally
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Table 5.2: Spin-0 and spin-1 mesons with the lowest masses

Spin-0 Mass Spin-1 Mass Quark content
(MeV) (MeV)

Singlet η′ 958 ω 783 (uū+ dd̄+ ss̄)/
√

3

π0 135 ρ0 775 (uū− dd̄)/
√

2
π+ 140 ρ+ 775 ud̄
π− 140 ρ− 775 dū

Octet K+ 494 K∗+ 892 us̄
K− 494 K∗− 892 sū
K0 498 K∗0 896 ds̄
K̄0 498 K̄∗0 896 sd̄

η 548 ϕ 1019 (uū+ dd̄− 2 ss̄)/
√

6

symmetric in the flavor indices. They are totally antisymmetric in color in-
dices because we must always have a color singlet and the only way to make a
singlet out of three quarks is to take the totally antisymmetric color combina-
tion. Thus, Pauli exclusion principle tells us that these must be symmetric in
spin; they are spin- 3

2 particles. The octets, by a similar reasoning, cane seen
to be spin- 1

2 particles. An example of the octets is given by a set of baryons
{Σ±, Σ0, p, n, Λ, Ξ−, Ξ0}. Here p is the familiar proton and n is the neutron,
while the others are baryons containing the strange quark as well. In a matrix
representation, the octet of baryons can be expressed as

B =


Σ0
√

2
+ Λ√

6
Σ+ p

Σ− −Σ0
√

2
+ Λ√

6
n

Ξ− Ξ0 −
√

2
3Λ

 =

8∑
a=1

ψa
λa√

2
(5.37)

where λa (a = 1, 2, · · · , 8) are the Gell-Mann matrices explicitly shown in (1.49).
ψa denote the field (or operator) corresponding to the particles, ψ3 = Σ0,
(ψ4 − iψ5)/

√
2 = p, etc. The numerical coefficients in (5.37) are chosen from

normalization of Tr(BB),

Tr(BB) = p̄p+ n̄n+ Σ−Σ− + Σ0Σ0 + Σ−Σ− + Ξ−Ξ− + Ξ0Ξ0 + ΛΛ (5.38)

where

B =


Σ0√

2
+ Λ√

6
Σ− Ξ−

Σ+ −Σ0√
2

+ Λ√
6

Ξ0

p̄ n̄ −
√

2
3Λ

 . (5.39)

The advantage of the matrix way of writing these out is that, under the flavor
SU(3) transformation, B → U B U† where U is the 3 × 3 matrix which is an
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element of SU(3). Notice that we can also tell quark contents of each baryon
from the matrix (5.37). For example, p, n and Σ+ are expressed as

p → B 3
1 ∼ ε3ijB1ij ∼ B112 ∼ uud ,

n → B 3
2 ∼ B212 ∼ udd , (5.40)

Σ+ → B 2
1 ∼ B131 ∼ uus .

These baryons have spin- 1
2 and parity-even. Their masses and quark contents

are listed in Table 5.3. A similar list for the decuplet of baryons with their
masses is given in Table 5.4.

Baryon masses

If the flavor SU(3) symmetry were exact, all members of the same multiplet
of baryons would have the same mass. But we know that the flavor symmetry is
broken by the mass differences among the quarks, as well as by weak interaction
effects. Thus the mass differences, say in the octet of Table 5.3, presumably can
be understood in terms of such effects. It is actually possible to do better than
this qualitative statement, by writing down a possible mass term which builds
in the pattern of symmetry breaking. We can express the mass terms, say for
the octet baryons, as

M = aTr(BB) + (terms not preserving the SU(3) symmetry) (5.41)

where the coefficient a denotes a common mass in the octet because Tr(BB)

is invariant under the SU(3) symmetry; since B′ = UBU† and B
′

= UBU†,

we can easily check that Tr(B
′
B′) = Tr(BB). The first term in (5.41) thus

represents a contribution from the binding energy among quarks. The remaining
terms correspond to those that break the SU(3) symmetry. As discussed in the
beginning of this chapter, the quark mass term QmQ breaks this symmetry due
to mass differences, mu ≈ md � ms. If we ignore the mu-md mass difference,

Table 5.3: The octet of baryons and their masses

Baryon Mass (MeV) Quark content
p 938 uud
n 940 udd
Λ 1116 uds

Octet Σ+ 1189 uus
Σ0 1193 uds
Σ− 1197 dds
Ξ0 1315 uss
Ξ− 1322 dss
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Table 5.4: The decuplet of baryons and their masses

Baryon Mass (MeV) Quark content
∆++ 1232 uuu
∆+ 1232 uud
∆0 1232 udd
∆− 1232 ddd

Decuplet Σ∗+ 1383 uus

Σ∗0 1384 uds
Σ∗− 1387 dds

Ξ∗0 1532 uss
Ξ∗− 1535 dss
Ω− 1672 sss

we can approximate the mass matrix in the action (5.1) as

m ≈

 mu

mu

ms

 = mu1 +

 0
0

ms −mu

 . (5.42)

Thus, if we take the dominant source of symmetry breaking to be the mass
differences among the quarks, (5.42) suggests that the remaining terms in (5.41)
may be approximated by the (3, 3)-element of 3 × 3 matrix BB or BB. Thus
we can write down a general mass formula for the octet baryons as

M = aTr(BB) + b (BB)33 + c (BB)33 (5.43)

(BB)33 = p̄p+ n̄n+
2

3
ΛΛ (5.44)

(BB)33 = Ξ−Ξ− + Ξ0Ξ0 +
2

3
ΛΛ (5.45)

where a, b and c are parameters to be fixed. (They are calculable, in principle,
from the underlying quark dynamics, but that is very difficult. We will treat
them as parameters to be fixed by comparison with some of the known masses.)
There are 8 masses and 3 unknown parameters so that we can actually make
predictions for masses from this formula. Using (5.38) and (5.43)-(5.45), we find
the relations: 

Mp = Mn = a+ b ,
MΣ0 = MΣ+ = MΣ− = a ,

MΞ0 = MΞ− = a+ c ,
MΛ = a+ 2

3 (b+ c) .

(5.46)

From these, we can obtain the following mass relations:{
Mp +MΞ0 = 2a+ b+ c ,

1
2MΣ0 + 3

2MΛ = 2a+ b+ c ,



67

=⇒ 2(Mp +MΞ0) = MΣ0 + 3MΛ . (5.47)

Suppose we do not know one of the baryon masses in (5.47), then this can be
used to predict unknown masses. We can check that this relation holds to a fairly
good accuracy with the measured masses listed in Table 5.3. The data is also
in accord with the relations Mp = Mn, MΣ0 = MΣ+ = MΣ− and MΞ0 = MΞ− ,
which are predicted from (5.46) as well.

For the decuplets, we can similarly obtain a mass formula by assuming mu =
md. An explicit formula is expressed as

M = a + b× (number of Q3’s) + c× (number of Q3’s) (5.48)

where Q3 corresponds to the strange quark. Applying this to the decuplet
baryons in (5.4), we find the relations:

MΩ− −MΞ∗ = MΞ∗ −MΣ∗ = MΣ∗ −M∆ , (5.49)

M∆ = M∆++ = M∆+ = M∆0 = M∆− , (5.50)

MΣ∗ = MΣ∗+ = MΣ∗0 = MΣ∗− , (5.51)

MΞ∗ = MΞ∗0 = MΞ∗− . (5.52)

These are in good agreement with the real masses. Historically, Gell-Mann used
the formula (5.49) to predict the mass of Ω− (as around 1675 MeV) which had
not been discovered by that time. The discovery of the Ω− in 1964 with a mass
of 1672 MeV was thus a real triumph of the symmetry-based analysis. The mass
formulae such as (5.41) and (5.48) have provided useful criteria for predictions
and explanations of the hadron spectroscopy. These were developed by Okubo
and Gell-Mann in the early 1960’s.

Meson masses

Since the mesons we have considered so far also belong to the octet rep-
resentation, we can expect a similar pattern of masses for them. If we write
an effective action for the mesons represented by appropriate fields, it would
involve the square of the mass rather than the mass itself. Hence we expect
formulae similar to (5.47) to hold for the (mass)2 of the mesons, i.e.,

2 (M2
K +M2

K0) = M2
π + 3M2

η ,

2 (M2
K∗ +M2

K0∗) = M2
ρ + 3M2

ϕ . (5.53)

One can check that these too hold to some reasonable accuracy using the ex-
perimentally measured masses.

Symmetry can be used for a number of other predictions as well. For exam-
ple, it has been applied to the magnetic moments, yielding relations known as
the Coleman-Glashow relations.

Meson-Baryon interactions
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Symmetry can also give some constraints on interactions. Consider, for
example, the baryon-baryon-meson interactions for the octets of baryons and
pseudoscalar mesons. If we think of writing down the most general term of the
B-B-M type in an action, we could have different couplings for each choice of
particles giving 83 couplings.

Of course, there will be some reduction based on charge conservation and
other principles. Nevertheless, a lot of unknown couplings would be there. (Once
again, they are all calculable from the fundamental theory, but this has been
very difficult; so we are talking about what we can say in the absence of such
calculations.) Based on the flavor SU(3) symmetry, there can only be two basic
couplings given by

Sint =

∫
d4x

[
g1Tr(B̄ γ5 B M) + g2Tr(B̄ γ5 M B)

]
. (5.54)

Here γ5 is the Dirac γ5 matrix. It is needed because the mesons are pseudoscalar
and strong interactions conserve parity. And M stands for the matrix way of
writing out the mesons, similar to (5.37) for the baryons,

M =


π0
√

2
+ η√

6
π+ K+

π− − π0
√

2
+ η√

6
K0

K− K̄0 − 2√
6
η

 . (5.55)

Working out the scattering or decay amplitudes with the action (5.54), we can
relate the decay rates and scattering amplitudes for a host of processes, since
there are only two unknowns. (The technology is similar to the use of the
Wigner-Eckart theorem for relating transition matrix elements, as for example,
the absorption and emission of photons by different angular momentum states
of the atom.)

It is interesting to write out the action (5.54) for the pion-nucleon sector.
Retaining only the pions and the p and the n,

Sint = g2

∫
d4x

[
π0

√
2

(
p̄γ5 p− n̄ γ5n

)
+ n̄ γ5p π

− + p̄ γ5nπ
+

]
. (5.56)

This is essentially the original interaction proposed by Yukawa in his prediction
of the π-mesons.



Chapter 6

Superconductivity and the
BCS theory

6.1 Introduction to superconductivity

Superconductivity is a phenomenon which is observed in many materials at
very low temperature. This has been an extensive area of research in both
experimental and theoretical physics ever since its first observation in 1911.
The basic framework for a theory of superconductivity was given by Bardeen,
Cooper and Schrieffer (BCS) in 1957. In this chapter, we will consider some
algebraic aspects of the BCS theory. As an introduction we shall first present
some basic facts of superconductivity for our purposes.

1. As one cools the material, the electric resistance abruptly drops to zero
at some temperature Tc and remains zero for all lower temperatures.

2. Superconductivity is observed in a variety of materials. This implies that
details of the band structure of each material are not very important.

3. There is a gap in the spectrum for excited electrons.

4. The transition temperature Tc is related to the mass of nuclei Mnuc by

Tc ∝Mnuc
− 1

2 , showing that superconductivity involves the atomic nuclei,
not just the electrons, in an essential way. As discussed below, this also
suggests that lattice vibrations, i.e., phonons or quantized sound waves,
are crucial.

In a system of many electrons inside a lattice of nuclei, there are two types
of electron-electron interaction which are important. One is, of course, the
Coulomb repulsion and the other is an interaction mediated by lattice vibrations

69
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or phonons. It is known that the Coulomb interactions are screened in the
situation we are considering, namely, a multi-electron system with a background
of atomic nuclei. The screening is described by a Yukawa potential VYuk ∼
(e−ar)/r where a−1 represents an effective range of distance for the Coulomb
interactions. In the momentum-space representation, the Yukawa potential is

proportional to (k2 +a2)−1 where ~k (k =

√
|~k|2) denotes the momentum vector

in three spatial dimensions. One can easily check this relation from the Fourier
transform ∫

d3k

(2π)3

1

k2 + a2
ei
~k·~r =

e−ar

4πr
∼ VYuk(r) . (6.1)

Thus, at some energy level where VYuk is comparatively small, electron-phonon
interactions can become dominant as an attractive force and this attractive force
creates pairs of electrons. A pair of electrons behaves as a boson so that we can
interpret superconductivity as a consequence of the Bose-Einstein condensation.
This is a main idea of the BCS theory. The pair of electrons is called the
Cooper pair. Let kvib be an analog of “spring constant” for the vibrations of
nuclei. Then, roughly speaking, a typical energy level for the electron-phonon
interaction is given by ωvib ∼

√
kvib/Mnuc. Thus the picture that electrons are

paired via interactions with phonons has the potential to explain the above-

mentioned property of Tc ∝Mnuc
− 1

2 .

Fermion operators

We shall start by reviewing the formalism of creation and annihilation op-
erators of an electron in a multi-electron system. One electron state with mo-
mentum ~k can be expressed as | · · · 1k · · · 〉 ≡ |1k〉 where we ignore spins. Let Ck
be an annihilation operator of this electron. This means that we can write

Ck|1k〉 = |0k〉 . (6.2)

This is equivalent to stating that 〈0k|Ck|1k〉 = 1. We can rewrite this relation

as 〈ψ|1k〉 = 1 where |ψ〉 = C†k|0k〉, which is basically the definition of the adjoint
of Ck. This shows that

C†k|0k〉 = |1k〉 . (6.3)

Thus C†k denotes a creation operator for an electron of momentum ~k. Since
electrons are fermions, we have the Pauli exclusion principle which does not
allow double occupancy of a state. We must therefore have

C†kC
†
k| · · · 0k · · · 〉 = 0 . (6.4)

(Notice that here we ignore spin degrees of freedom.) Since a similar result must
hold when we start with any state, generally, the exclusion principle is expressed
as

C†kC
†
k = CkCk = 0 . (6.5)
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From above relations, we also find

CkC
†
k|0k〉 = Ck|1k〉 = |0k〉 ,

C†kCk|0k〉 = C†kCkCk|1k〉 = 0 ,

CkC
†
k|1k〉 = CkC

†
kC
†
k|0k〉 = 0 ,

C†kCk|1k〉 = C†k|0k〉 = |1k〉 .

(6.6)

It is now easily verified that Ck and C†k obey the anticommutation rule

CkC
†
k + C†kCk = 1 . (6.7)

These relations can easily be expanded to multiple electrons, allowing for
states of different momenta, say, ~k and ~l. Since a two-electron state is antisym-
metric under exchange of the particles, we have C†kC

†
l |0k0l〉 = |1k1l〉 = −|1l1k〉.

This leads to the relation C†kC
†
l = −C†l C

†
k. From this and its conjugate, we find

C†kC
†
l + C†l C

†
k = 0 , (6.8)

CkCl + ClCk = 0 . (6.9)

The anticommutation relation (6.7) can also be generalized as

CkC
†
l + C†l Ck = δkl . (6.10)

The relations (6.8)-(6.10) give the algebra for creation and annihilation of fermions.

From (6.6) we find that the number operator is given by C†kCk.

More generally, we can use labels α, β, etc., to denote a general one-particle
state. They are composite indices standing in for, say, momentum and spin la-
bels; |α〉 = |~k, ↑ 〉, for example. Denoting the annihilation operator for fermions
in such a state by Cα, the full fermionic algebra is given by

Cα Cβ + Cβ Cα = 0 ,

C†α C
†
β + C†β C

†
α = 0 ,

Cα C
†
β + C†β Cα = δαβ . (6.11)

Electron-phonon interaction

Let us now consider the electron-phonon interaction which is crucial for
superconductivity, at least for the standard BCS-type superconductors. This
interaction arises from the electrostatic energy of the electrons in the field of the
oscillating ions in a crystal lattice. We begin with the approximate expression
for this when the amplitude of the lattice vibrations is small compared to the
lattice spacing.

The positions of the ions in a crystal can be written as

xαi = aαi + ξi(x
0, aα) . (6.12)
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Here aαi = ~aα are the lattice sites, i = 1, 2, 3, and α = 1, 2, · · · , N . The total
number of ions is N . (Also we use x0, y0, etc. for time.) The lattice vibrations
ξi are given by

ξi(x
0, aα) =

∑
α

(
bik√
2ωk

ei
~k·~aα−iωkx0

+
b†ik√
2ωk

e−i
~k·~aα+iωkx

0

)
. (6.13)

In this expression, bik and b†ik denote the annihilation and creation operators
for phonons, ωk = ω(k) gives the energy-momentum relation for phonons. The
charge density due to ions is

ρ(x) = Ze
∑
α

δ(3)(x− aα − ξ(aα)) . (6.14)

The electrostatic potential due to the ions is given by

A0(x) =

∫
d3y

∫
d3q

(2π)3
ei~q·(~x−~y) 1

q2
ρ(~y)

= Ze
∑
α

∫
d3q

(2π)3
ei~q·(~x−~aα) e

−i~q·ξ

q2

≈ Ze
∑
α

G(~x− ~aα)− iZe
∑
α

~q · ξ(aα)

q2
ei~q·(~x−~aα) + · · · (6.15)

where G(~x− ~y) is the Coulomb Green’s function given by

G(~x− ~y) =

∫
d3q

(2π)3

1

q2
ei~q·(~x−~y) . (6.16)

The electrostatic interaction energy is given by e
∫
ψ∗ψA0. When we use (6.15),

the first term is a constant independent of the lattice vibrations, it is not im-
portant for the electron-phonon interaction. The second term gives

Sint = −iZe2

∫
d4x ψ∗ψ(x)

∑
α

~q · ξ(aα)

q2
ei~q·(~x−~aα) + · · ·

≈ −Ze2

∫
d4x ψ∗ψ(x)

δ

δxi

(∑
α

G(~x− ~aα)ξi(aα)

)
. (6.17)

We now consider the long wavelength or continuum limit, with aα becoming
continuous,

∑
α → (constant)

∫
d3y, to write

Sint = −Ze2(constant)

∫
d4xd3y ψ∗ψ(x)∇iG(~x− ~y)ξi(y) . (6.18)

We also introduce the continuum version of the phonon field by

φi(x) =
∑
k

(
bikuk(x) + b†iku

∗
k(x)

)
,
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uk(x) =
1√

2ωkV
exp(−iωkx0 + i~k · ~x) . (6.19)

Absorbing all factors due to the changes in normalizations as a single factor F ,
we can write the interaction term as

Sint = F

∫
dx0d3xd3y ψ∗ψ(x)G(~x− ~y) ∇ · φ . (6.20)

There are many effects we have not treated carefully here; for example, the elec-
trons may not feel the full electrostatic potential of the nuclei due to screening
effects, to mention one. But the point is that the form of the interaction is as
given in (6.20). The strategy is to treat F as summarizing all the unknowns
and identify its value, not from detailed calculations of the electron-atom in-
teractions in the solid but from relating it to measurable quantities such as the
dielectric constant. We can see how this can be done in an elementary way as
follows. We calculate the electron-electron interaction in perturbation theory
due to the phonon exchange using the interaction (6.20). This contribution is
given, in second order perturbation theory, by

Γ = − i

2!
〈(iSint)2〉

=
i

2
F 2

∫
x,y

ψ∗ψ(x) ψ∗ψ(y)

∫
d4k

(2π)4

ie−ik0(x0−y0)

k2
0 − ω2

k + iε

ei
~k·(~x−~y)

~k · ~k
. (6.21)

For nearly static charge densities, ψ∗ψ(x) varies very slowly with x0, so that we
may do one of the time-integrations to get

Γ =
i

2
F 2

∫
d4xd3y

d3k

(2π)3
ψ∗ψ(x) ψ∗ψ(y)ei

~k·(~x−~y) i

(−ω2
k)

1

~k · ~k
. (6.22)

For the polaron problem, optical modes of phonons are the relevant ones. For
this, we may approximate ωk ≈ ω0. Thus

Γ ≈ F 2

2ω2
0

∫
d4xd3y ψ∗ψ(x)G(~x− ~y)ψ∗ψ(y) . (6.23)

The standard Coulomb interaction between electrons is given by

SCoul = −e
2

2

∫
d4xd3y ψ∗ψ(x)ψ∗ψ(y)

∫
d3k

(2π)3

ei
~k·(~x−~y)

ε(ω)k2
(6.24)

where ε(ω) is the dielectric constant for photon frequency ω. Let ε∞ denote the
dielectric constant without the contribution due to electron-phonon interaction.
Since the phonon effects are negligible at very high frequencies, this is essentially
ε(ω) as ω → ∞, which explains the notation. The dielectric constant at low
frequencies, or ε(ω) as ω → 0 (and which we denote by ε0), includes the effects
of the electron-phonon interaction. Comparing (6.23) and (6.24), we may thus
write

1

ε0
=

1

ε∞
− F 2

e2ω2
0

. (6.25)
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The electron-phonon interaction can now be expressed in terms of the dielectric
constant as

Sint = eω0

√
1

ε∞
− 1

ε0

∫
d4xd3y ψ∗ψ(x) G(~x− ~y) ∇ · Φ(y) . (6.26)

This is the form of the electron-phonon interaction obtained by Fröhlich in 1952.

The pairing interaction

In the interaction (6.26), the fields ψ and ψ∗ denote the electron annihilation

and creation operators and ~φ is the phonon field. The propagator for the phonon
field gives the two-point function

〈χ(x)χ(y)〉 =

∫
d3q

(2π)3

|Dq|2

2ωq

[
θ(x0 − y0) e−iωq(x

0−y0)+i~q·(~x−~y)

+ θ(y0 − x0) eiωq(x
0−y0)−i~q·(~x−~y)

]
(6.27)

where χ(x) =
∫
d3y G(x, y)∇ · φ(y) and |Dq|2 = 1/q2 for us. This function

could be different from 1/q2 when we take account of the details of the crystal
structure. So basically, we will leave it as a function to be specified for each
material of interest.

By expanding eiSint to the quadratic order and carrying out the Wick con-
traction, we get the effective action due to the phonon exchange (to this order)
as

Γ = i
F 2

2

∫
d4xd4y ψ∗ψ(x) ψ∗ψ(y) 〈χ(x)χ(y)〉 . (6.28)

Introduce the mode expansions

ψ(x) =
1√
V

∑
l

Cl e
−iElx0+i~l·~x, ψ∗(x) =

1√
V

∑
k

C†k e
iEkx

0−i~k·~x (6.29)

where Ck, C†k are the annihilation and creation operators for electrons we men-
tioned earlier. Using this expansion in (6.28), the term with x0 > y0 becomes

Γ(1) = i
F 2

2

∫
q

|Dq|2

2ωq

∑
l,r

C†k Cl C
†
p Cr δ~p,~r−~q δ~k,~l+~q

2π δ(Ek + Ep − El − Er)
i(Ep − Er + ωq − iε)

=
F 2

2

∫
q

|Dq|2

2ωq

∑
l,r

∫
dt
C†l+q(t)Cl(t)C

†
r−q (t)Cr(t)

(Er−q − Er + ωq − iε)
(6.30)

where we have used Cp(t) = Cp e
−iEpx0

, etc. The energy conservation δ-function
is reproduced by the integration over t. The term with y0 > x0 has a similar
form except for the exchange of momenta; it is given by

Γ(2) = −F
2

2

∫
q

|Dq|2

2ωq

∑
l,r

∫
dt
C†l+q(t)Cl(t)C

†
r−q (t)Cr(t)

(Er−q − Er − ωq + iε)
(6.31)
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where we have also used the change of variable ~q → −~q. Combining the two
terms,

Γ =
F 2

2

∫
q

|Dq|2

2ωq

∑
l,r

∫
dtC†l+q(t)Cl(t)C

†
r−q (t)Cr(t)×[

1

(Er−q − Er + ωq − iε)
− 1

(Er−q − Er − ωq + iε)

]
. (6.32)

The real part of this expression, with iε→ 0, can be written as

Γ =
F 2

2

∫
q

|Dq|2
∫
dt
∑
l,r

C†l+q(t)Cl(t)C
†
r−q (t)Cr(t)

[ω2
q − (Er − Er−q)2]

. (6.33)

This is like a potential energy term in the action, so we may identify the cor-
rection to the Hamiltonian as

H̃ = −F
2

2

∫
q

|Dq|2
∑
l,r

C†l+q Cl C
†
r−q Cr

[ω2
q − (Er − Er−q)2]

. (6.34)

This has to be added to the screened Coulomb repulsion between electrons. The
total four-electron interaction term is thus

Hint =

∫
q

∑
l,r

C†l+q Cl C
†
r−q Cr

(
e2

q2 + a2
− F 2|Dq|2

2 [ω2
q − (Er − Er−q)2]

)
(6.35)

where a−1 is the screening length for the Coulomb interaction. Depending on
the strength of the electron-phonon interaction, the second term in (6.35) can
overcome the Coulomb repulsion and produce an attractive interaction between
electrons, if (Er − Er−q)2 < ω2

q .

This interaction Hamiltonian induces a transition from initial states of mo-
menta ~l, ~r into final states of momenta ~l + ~q, ~r − ~q. Since most of the states
up to the Fermi level µF are filled at low temperatures, if the initial states
are deep inside the Fermi sea, then the final states are already occupied and
the scattering is forbidden by the Pauli principle, or mathematically, by the
anticommuting nature of the Ck, C

†
k. Thus the electrons for which the inter-

action (6.35) applies are very near the Fermi surface or above it. Because of
the condition (Er −Er−q)2 < ω2

q , we see that attractive interaction is obtained
only for a small range of values of energy close the Fermi surface. For electrons
with energies close to the Fermi energy, there is an enhancement if the initial
particles have approximately opposite momenta due to the availability of more
final states. To see how this can arise, consider a simple case where the Fermi
surface is spherically symmetric, so that the filled states form a filled sphere
in momentum space as shown in Fig. 6.1. Consider the total initial momentum
~l + ~r with the incoming momenta ~l and ~r close to Fermi surface. If ~l′, ~r′ are
the final momenta, the total final momentum ~l′ + ~r′ must be equal to ~l + ~r
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by conservation of momentum. Thus the allowed values of ~l′ and ~r′ must lie
on a circle which corresponds to the rotation of ~l and ~r around the total value
~l + ~r. So if we pick a value for ~l′ then ~r′ is fixed. The freedom of final states
is thus a circle of values corresponding to the orientations of one of the final
momenta, say, ~l′. However, there is one exception to this case. If ~l and ~r are
of approximately opposite orientation, so that ~l + ~r ≈ 0, then the final value
of ~l′ can be anywhere of the whole two-dimensional sphere, giving a full 4π
solid angle worth of orientations (with ~r′ being opposite to it). The number of
available final states is substantially larger. Thus, when we have the attractive
interaction with states near the Fermi surface, the most significant contribution
arises from the values of ~l and ~r with ~l + ~r ≈ 0. For these values, we can write

Er − Er−q = 1
2 (Er − Er−q + El+q − El) ≈

~q · (~l + ~r)

2m∗
≈ 0 (6.36)

where we used Ek = k2/2m∗ for a spherically symmetric Fermi surface, m∗
being the effective mass of the electrons. Further, since ~l+ ~q = ~l′ and ~r− ~q = ~r′

have opposite orientation, but are otherwise unconstrained in direction, we see
that a good approximation to (6.35) is

Hint ≈
∑
k,k′

Vkk′ C
†
−k′C

†
k′ CkC−k (6.37)

~l~r

~r ′
~l ′

~l + ~r

Figure 6.1: Available states for the scattering of electrons near the Fermi surface.
The Fermi surface is taken as a two-sphere, with the incoming momenta shown
in blue, labeled ~l and ~r. The outgoing values lie on a circle generated by rotation
of ~l, ~r around ~l + ~r. When ~l + ~r = 0, the outgoing value of ~l′ can be anywhere
on the surface of the sphere, with ~r′ being opposite to it.
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where we have dropped a term due to reordering of the operators (which is
irrelevant for our consideration for superconductivity) and

Vkk′ =

(
e2

q2 + a2
− F 2|Dq|2

2ω2
q

)]
q=k′−k

. (6.38)

We are considering the case where Vkk′ is negative. Notice that, expressed in
terms of the electron field operators,∑

k

Ck C−k =

∫
d3x ψ(x)ψ(x) . (6.39)

This will vanish by anticommutativity of the ψ’s. Once the spin degree of
freedom is taken into account, we can use field operators of different spins to
get a nonzero value. Thus, including spin, the Hamiltonian (6.37) must be
written as

Hint =
∑
k,k′

Vkk′ C
†
−k′↓C

†
k′↑Ck↑C−k↓ (6.40)

This is the BCS (Bardeen-Cooper-Schrieffer) pairing interaction. It was ar-
rived at after making several approximations and should be viewed as a model
capturing the key features of the attractive pairing due to the electron-phonon
interaction. Since, generally, the qualitative features survive in more realistic
approximations, it can be used as a suitable starting point for the theory of
superconductivity.

6.2 The BCS theory

We have obtained the pairing interaction between electrons. Including the free
part, the full BCS Hamiltonian is

H = H0 +Hint , (6.41)

H0 =
∑
k,σ

εkC
†
kσCkσ σ = (↑, ↓) , (6.42)

Hint =
∑
k,k′

Vkk′C
†
−k′↓C

†
k′↑Ck↑C−k↓ . (6.43)

For simplicity of notation, we shall use different letters for the operators corre-
sponding to different spin states, i.e.,

bk = Ck↑ , b†k = C†k↑

c−k = C−k↓ , c†−k = C†−k↓ (6.44)

The Hamiltonian (6.41)-(6.43) is thus

H = H0 + Hint



78

H0 =
∑
k

εk

[
b†kbk + c†kck

]
(6.45)

Hint =
∑
kk′

Vkk′ b
†
k′c
†
−k′c−kbk

We can carry out an approximate diagonalization of this Hamiltonian by intro-
ducing the combinations

Ak = αkc−k − βkb†k B−k = αkbk + βkc
†
−k

A†k = αkc
†
−k − βkbk B†−k = αkb

†
k + βkc−k

(6.46)

where αk, βk are functions of k which will be determined by the requirement of
diagonalization. The basic idea is that we can interpret these operators as the
creation and annihilation operators for a set of “quasiparticles” which form the
new eigenstates, at least to the approximation we calculate. We require that the
new operators obey the same anticommutation rules as the original operators.
In other words,

AkAl +AlAk = 0 B−kB−l +B−lB−k = 0

AkA
†
l +A†lAk = δkl B−kB

†
−l +B†−lB−k = δkl (6.47)

A†kA
†
l +A†lA

†
k = 0 B†−kB

†
−l +B†−lB

†
−k = 0

It is easily seen that this can be achieved by requiring

α2
k + β2

k = 1 . (6.48)

This means that we can write

αk = sin θk , βk = cos θk . (6.49)

The transformation of the canonical operators as in (6.46), with the condition
(6.48), which ensures the same commutation rules for the new operators as for
the old, is known as a Bogolyubov transformation. The inverse Bogolyubov
transformation can be found from the relations (6.46) as

bk = αkB−k − βkA†k c−k = αkAk + βkB
†
−k

b†k = αkB
†
−k − βkAk c†−k = αkA

†
k + βkB−k

(6.50)

We now rewrite the Hamiltonian in terms of Ak, A
†
k, B−k, B

†
−k using these rela-

tions.

H0 =
∑
k

εk

[
2β2

k + (α2
k − β2

k)(Nk + Ñk)− 2αkβk(AkB−k +B†−kA
†
k)
]

(6.51)

where Nk, Ñk are the number operators corresponding to the new creation and
annihilation operators; they are given by

Nk = A†kAk , Ñk = B†−kB−k . (6.52)
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In simplifying Hint, at the level of finding the ground state, we will only keep
terms which are at most quadratic in the new creation and annihilation oper-
ators. Thus terms like AkB−kNk, which are quartic in the operators, will be
neglected. Notice that we may write AkB−kNk = NkAkB−k − AkB−k, which
suggests that there is a quadratic term in the combination considered. How-
ever, we must ensure that the approximation is consistent with hermiticity;
we must neglect the hermitian combination AkB−kNk + NkAkB−k. With this
understanding, Hint may be simplified as

Hint =
∑
kk′

Vkk′
[
αk′βk′

(
Nk′ + Ñk′ − 1

)
+
(
α2
k′B
†
−k′A

†
k′ − β

2
k′Ak′B−k′

)]
×
[
αkβk

(
Nk + Ñk − 1

)
+
(
α2
kAkB−k − β2

kB
†
−kA

†
k

)]
≈

∑
kk′

Vkk′αk′βk′αkβk − 2
∑
kk′

Vkk′αk′βk′αkβk(Nk + Ñk)

−
∑
kk′

Vkk′αk′βk′(α
2
k − β2

k)(AkB−k +B†−kA
†
k) + quartic terms .

(6.53)

Our strategy will be to set the coefficient of the (AkB−k+B†−kA
†
k)-term to zero.

The total Hamiltonian then involves only the number operators Nk, Ñk, to this
order, and is trivially diagonalized, since the diagonal basis for Nk, Ñk is well
known and easily constructed. Setting the coefficient of the (AkB−k +B†−kA

†
k)-

term to zero gives the condition

2 εkαkβk + (α2
k − β2

k)
∑
k′

Vkk′αk′βk′ = 0 . (6.54)

Using (6.49), we can write this as

εk sin 2θk + ∆k cos 2θk = 0 (6.55)

where we have defined

∆k = −
∑
k′

Vkk′αk′βk′ = −1

2

∑
k′

Vkk′ sin 2θk′ . (6.56)

Since we are considering states very close to the Fermi energy, it is a reasonable
approximation to take Vkk′ to be independent of k, k′ for the small range of
values involved, so that we may write Vkk′ = −V0. Thus ∆k defined by (6.56)
can be taken to be independent of k; we will henceforth denote it as ∆. Equation
(6.55) leads to the expressions

sin 2θk =
∆√

ε2k + ∆2
, cos 2θk = − εk√

ε2k + ∆2
. (6.57)

Using these expressions back in the definition of ∆k, namely, in (6.56), we get
the following implicit equation for ∆.

∆ =
V0

2

∑
k

∆√
ε2k + ∆2
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≈ V0

2

∫
dε G(ε)

∆√
ε2 + ∆2

(6.58)

where we have approximated the summation over momenta by integration. We
have further converted the k-integral to an energy integral with d3k → dεG(ε),
G(ε) being the density of states. Equation (6.58) is known as the gap equation,
for reasons which will become clear shortly. The attractive interaction is valid
only for a small range of energy values near the Fermi level. Recalling that
we are measuring energy from the Fermi level, this range may be taken as
−ωD ≤ ε ≤ ωD, where ωD is the Debye frequency. The integration in (6.58)
is limited to this range of ε-values. (We may think of ∆ as k-dependent, being
constant within a small range and then rapidly going to zero beyond this range.)
For this range of values, G(ε) is approximately constant, so we can approximate
the integral by replacing G(ε) by G0 = G(0), its value at the Fermi level. The
gap equation then simplifies to

∆
[
1− V0G0 sinh−1(ωD/∆)

]
= 0 . (6.59)

We have two solutions to this equation, the trivial solution ∆ = 0 and the
nontrivial one,

∆ = ωD
1

sinh(1/V0G0)

≈ 2 ωD exp

(
− 1

V0G0

)
. (6.60)

In the last line, we have used the fact that V0G0 is usually very small. No-
tice that this solution is intrinsically nonperturbative. Since V0 is the coupling
constant or interaction strength, a perturbative expansion is a power series in
V0. Our expression for ∆ has an essential singularity at V0 = 0 and so cannot
be expanded as a power series around that point. Of the two solutions of the
gap equation, we shall see shortly that the nonzero solution is the one which
minimizes the energy of the ground state.

6.3 The BCS ground state

With the solution of αk, βk given above, the Hamiltonian can be simplified as

H =
∑
k

2εkβ
2
k − V0

∑
kk′

αk′βk′αkβk

+
∑
k

[
εk(α2

k − β2
k) + V0

∑
k′

αk′βk′αkβk

]
(Nk + Ñk) + · · · (6.61)

where the ellipsis denotes terms which are quartic in the new creation and
annihilation operators. Further simplification of this expression can be carried
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out as follows.∑
k

2εkβ
2
k − V0

∑
kk′

αk′βk′αkβk = 2
∑
k

εk cos2 θk −
1

2
∆ sin 2θk

=

∫
dε G(ε)

[
ε− ε2√

ε2 + ∆2
− 1

2

∆2

√
ε2 + ∆2

]
= −G0

[
1

2
ε
√
ε2 + ∆2

]ωD
−ωD

= −G0 ωD

√
ω2
D + ∆2 (6.62)

We also find

εk(α2
k − β2

k) + V0

∑
k′

αk′βk′αkβk =
√
ε2k + ∆2 . (6.63)

The Hamiltonian (6.61) is thus given by

H = −G0 ωD

√
ω2
D + ∆2 +

∑
k

√
ε2k + ∆2 (Nk + Ñk) + · · · . (6.64)

We now see that, to the approximation of neglecting the quartic terms, the
ground state |G〉 may be defined by

Ak |G〉 = B−k |G〉 = 0 . (6.65)

The ground state energy is then obtained as

E∆ = −G0 ωD

√
ω2
D + ∆2 . (6.66)

This is to be compared with the energy at ∆ = 0; the difference is

E∆ − E∆=0 = −G0 ωD

[√
ω2
D + ∆2 − ωD

]
≈ −1

2
G0 ∆2 . (6.67)

We see that, indeed, the nontrivial solution to the gap equation is preferred on
grounds of minimizing the energy.

We also see that the the spectrum of the theory consists of particle-like
excitations of energy

√
ε2k + ∆2. In the normal phase, with ∆ = 0, the energy

eigenvalues can be arbitrarily small; i.e., arbitrarily close to the Fermi energy.
However, once we have a nonzero ∆, the single particle energies have a gap
equal to ∆. (This justifies the name ‘gap equation’ for (6.58).)

The expressions (6.60) for the gap ∆ and the energy gain (6.67) show the
“isotope effect”. The Debye frequency ωD depends on the masses of the atomic

nuclei as M
− 1

2
nuc. This means that superconductors of the same chemical type

but with different isotopes for the nuclei will show slightly different values for
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the energy gap for electrons. A similar statement also applies to the transition
temperature.

The determination of the ground state |G〉 can be done more explicitly as
follows. Let |0〉 be the normal ground state obeying bk|0〉 = c−k|0〉 = 0. Since
Ak and B−k are fermionic operators, we have A2

k = B2
−k = 0. If |0〉 is the normal

ground state obeying bk|0〉 = c−k|0〉 = 0, we see that a solution to (6.65) is given
by

|G〉 ∼
∏
k

fkB−kAk|0〉

∼ −
∏
k

fk(αkβk + β2
kc
†
−kb
†
k)|0〉 . (6.68)

The factors fk can be chosen by the normalization condition 〈G|G〉 = 1. This
gives fk = 1/βk and hence the normalized state is

|G〉 =
∏
k

(αk + βkc
†
−kb
†
k)|0〉 . (6.69)

It is interesting to consider the inner product of this new ground state with
the standard normal ground state |0〉. We find

〈0|G〉 =
∏
k

αk =
∏
k

sin θk . (6.70)

Since sin θk ≤ 1, this overlap is very small and, if the number of modes for
the system is infinite, this overlap is actually zero. We can also consider the
overlap of any normal state with a finite number of particles with any state with
a finite number of A†ks and B†−ks acting on |G〉. Reducing the inner product via
the commutation rules, we will get a prefactor depending on the specific states
times the factor 〈0|G〉. This will again be zero in the limit of infinite number
of available modes for the system. For example, consider a state of the form
A†k|G〉. For the overlap with |0〉 we find

〈0|A†k|G〉 = 〈0|αkc−k − βkb†k|G〉

= αk
∏
l

〈0|c−k(αl + βlc
†
−lb
†
l )|0〉

=

∏
l 6=k

αl

 αk 〈0|c−kc†−kb
†
k|0〉 = 0 . (6.71)

where we have used 〈0|b†k = 0. A somewhat more nontrivial example would be

to consider the overlap of the two-particle state |1k1−k〉 = c†−kb
†
k|0〉 with |G〉.

This works out to

〈1k1−k|G〉 =
∏
l

〈0|bkc−k (αl + βl c
†
−lb
†
l )|0〉
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=

∏
l 6=k

αl

βk → 0 (as N →∞). (6.72)

What we see here is that the Hilbert space built upon |0〉 by the action of

any (finite) number of b†k, c
†
−k and the Hilbert space built upon |G〉 by the action

of any (finite) number of A†k, B†−k are disjoint, with no overlap. In particular,
the new ground state cannot be unitarily connected to the normal state in this
limit. Thus even though formally |G〉 is obtained by the action of an operator

U =
∏
k(αk + βkc

†
−kb
†
k) on |0〉, U is no unitary since it has zero overlap with

any state built on the Fock ground state |0〉. The two are not unitarily related.

Since the two sets of operators {bk, b†k, c−k, c
†
−k} and {Ak, A†k, B−k, B

†
−k}

have the same algebra of anticommutation rules, but lead to disjoint Hilbert
spaces, we see that the two choices of ground state can be taken as leading to
two different irreducible representations of the anticommutation rules.

As discussed in Section 4.3, the Stone–von Neumann theorem states that
there exists only one unitary irreducible representation for the Heisenberg al-
gebra (4.31) if (a) N is finite or (b) space is simply connected. In chapter 4,
we have considered how the conclusion of a single irreducible representation as
given by this theorem is evaded when the condition (b) breaks in the fractional
QHE.

In the present case, the algebra we are discussing is not the Heisenberg alge-
bra, rather it is the N dimensional fermionic algebra of anticommutation rules.
Nevertheless, the above analysis on the ground state of the BCS theory clearly
shows how the canonical commutation rules can have inequivalent representa-
tions when the number of modes tends to infinity. A more specific realization
of how the premise (a) of the theorem is evaded in the bosonic case (i.e., the
Heisenberg algebra) is given by spontaneous symmetry breaking which will be
discussed later.

6.4 The transition temperature

We can also get an estimate of the transition temperature as follows. Going
back to (6.53), we keep the terms involving Nk, Ñk in the coefficient of terms
involving AkB−k and its conjugate. Such terms in Hint are given by

Hint =
∑
kk′

Vkk′
[
αk′βk′

(
Nk′ + Ñk′ − 1

)(
α2
kAkB−k − β2

kB
†
−kA

†
k

)]
+
∑
kk′

Vkk′
[(
α2
k′B
†
−k′A

†
k′ − β

2
k′Ak′B−k′

)
αkβk

(
Nk + Ñk − 1

)]
+ · · · .

(6.73)

The terms involving Nk and Ñk are zero at zero temperature. At a nonzero
temperature, we can approximate them by the thermal occupation numbers.
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Then Hint simplifies and the gap equation becomes

∆− V0

2

∑
k

∆√
ε2k + ∆2

(
1− 〈Nk〉 − 〈Ñk〉

)
= 0 . (6.74)

The energies of the single particle excitations are now
√
ε2k + ∆2 as we see from

(6.64). Thus the occupation numbers are given by the Fermi-Dirac distribution

〈Nk〉 = 〈Ñk〉 =
1

eEk/T + 1
, Ek =

√
ε2k + ∆2 . (6.75)

The gap equation becomes

∆

[
1− V0G0

2

∫
dε

1√
ε2k + ∆2

tanh(
√
ε2 + ∆2/2T )

]
= 0 . (6.76)

As before, ∆ = 0 is one solution. The solution with the nonzero gap is what we
are interested in. This is given by

1− V0G0

2

∫
dε

1√
ε2k + ∆2

tanh(
√
ε2 + ∆2/2T ) = 0 . (6.77)

At low temperatures, tanh(
√
ε2 + ∆2/2T ) ≈ 1 and we revert to the equation

we found earlier. If we start with the nonzero gap at T = 0 and raise the
temperature, the gap ∆ will vanish at a certain critical value of T . This signals
the transition from the superconducting to the normal phase. We can thus find
the transition temperature by setting ∆ equal to zero in (6.77). The resulting
equation is

1

V0G0
=

∫ ωD

−ωD

dε

2
√
ε2

tanh(
√
ε2/2Tc)

= log(ωD/2Tc) tanh(ωD/2Tc)−
∫ ωD/2Tc

0

ds
log s

cosh2 s
. (6.78)

Usually ωD � Tc, so that the integral in the second term can be approximated
by taking ωD/2TC →∞. We then find

1

V0G0
≈ log(ωD/2Tc) + γ − log(π/4) (6.79)

where γ is the Euler-Mascheroni constant (γ ≈ 0.5772). Equation (6.79) gives
the transition temperature as

Tc =
2eγ

π
ωD exp

(
− 1

V0G0

)
=
eγ

π
|∆0| . (6.80)

Here ∆0 is the value of ∆ at T = 0. Notice that this formula again displays the
isotope effect via the factor ωD.



Chapter 7

Bosonization and
Kac-Moody algebra

7.1 Abelian bosonization

In 1+1 dimensions (one spatial and one temporal dimensions), a system of
fermions is equivalent to that of bosons, i.e., bosons and fermions are not dis-
tinguishable in 1+1 dimensions. One of the main objectives in this chapter is
to show how this equivalence can be understood algebraically.

The notion of spin for particles in d+1 dimensions arises from d-dimensional
spatial rotations described by the angular momentum algebra, [Ji, Jj ] = iεijkJk
(i, j, k = 1, 2, · · · , d). As well known, representations of the algebra J for d = 3
are characterized by the values of spin, s = 0, 1

2 , 1, 3
2 , · · · . In this case, according

to the spin-statistics theorem, particles of integer spin must be bosons, while
particles of half-odd-integer spin must be fermions. For d = 2, however, there
are no constraints on the value of spin, that is, s can take fractional values
in 2+1 dimensions. In this case, the spin-statistics theorem reduces to the
statement that particles of spin s obey fractional s-statistics. Such particles are
often called anyons. For d = 1, which is of our interest here, there is no notion
of spin. Thus there is no restriction on statistics of particles in 1+1 dimensions.
In the following, we shall see how this is realized by showing the equivalence
between bosons and fermions in 1+1 dimensions.

Klein transformations

Generally bosons are described by the following algebra

[ak, al] = 0 , [ak, a
†
l ] = δkl , [ak, al] = 0 (7.1)

where we consider that the bosons in a one-dimensional line segment of length

85
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L so that the label k can be given by k = 2πn
L , with n ∈ Z representing the

number of modes (or the number of degrees of freedom).

The number operator is defined by

Nk = a†kak (7.2)

which satisfies the commutation relations

[Nk, ak] = −ak , [Nk, a
†
k] = a†k . (7.3)

Using the Baker-Campbell-Hausdorff formula, we can then obtain

eiαNae−iαN = a+ iα[N, a] +
(iα)2

2!
[N, [N, a]] +

(iα)3

3!
[N, [N, [N, a]]] + · · ·

= a− iαa+
(iα)2

2!
a+

(iα)3

3!
(−a) + · · ·

= e−iαa (7.4)

where we omit the label k for simplicity. α is a constant. Putting the labels, we
can rewrite the above result as

ake
iαNk = eiαeiαNkak , (7.5)

a†ke
iαNk = e−iαe−iαNka†k . (7.6)

We now introduce the operators

Ci = exp

(
iπ
∑
k<i

Nk

)
ai , (7.7)

Cj = exp

iπ∑
k<j

Nk

 aj (i < j) (7.8)

where require 1 ≤ i < j ≤ n without losing generality. CiCj and CjCi can be
calculated as

CiCj = exp

(
iπ
∑
k<i

Nk

)
ai exp

iπ∑
k<j

Nk

 aj

= exp

(
iπ
∑
k<i

Nk

)
exp

iπ∑
k<j

Nk

 eiπaiaj , (7.9)

CjCi = exp

iπ∑
k<j

Nk

 aj exp

(
iπ
∑
k<i

Nk

)
ai

= exp

iπ∑
k<j

Nk

 exp

(
iπ
∑
k<i

Nk

)
ajai . (7.10)
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Notice that by use of (7.5) we can pick up the factor eiπ in the transposition

of ai and exp
(
iπ
∑
k<j Nk

)
, while that of aj and exp

(
iπ
∑
k<iNk

)
does not

bring any extra factors. We can therefore obtain the anticommutation relations
for C’s:

CiCj + CjCi = exp

(
iπ
∑
k<i

Nk

)
exp

iπ∑
k<j

Nk

 (−aiaj + ajai) = 0 . (7.11)

This shows that we obtain the algebra of fermions from that of bosons by car-
rying out the transformations of operators indicated in (7.7) and (7.8). These
are called the Klein transformations.

Bosonization: an algebraic approach

We now consider the reverse of the above argument. Namely, we begin with
fermions in 1+1 dimensions and show the equivalence with bosonic representa-
tions. This process is generically called bosonization. There are essentially two
approaches for bosonization. This is based on the fact that a quantum theory
of any physical system is defined in two ways: one is by a unitary irreducible
representation of the algebra of observables; and the other is by correlation func-
tions for the particles of interest. In other words, we can carry out bosonization
either by (a) showing the existence of a bosonic realization for the algebra of
fermionic observables or by (b) showing equivalence between correlation func-
tions of fermions and those of bosons. Our strategy is to follow the procedure
(a).

We first briefly sketch the Dirac theory of free massless fermions in 1+1
dimensions. In this case, the gamma matrices are defined by

{γi, γj} = 2ηij1 (7.12)

where i, j = 0, 1 and η is the Minkowski metric η = (+,−) and 1 is the (2× 2)
identity matrix. γ0 and γ1 are defined in terms of the (2× 2) Pauli matrices

γ0 = σ1 =

(
0 1
1 0

)
, γ2 = iσ2 =

(
0 1
−1 0

)
. (7.13)

The Dirac equation iγ · ∂ψ = 0 is then given by

iσ1
∂ψ

∂x0
+ i(iσ2)

∂ψ

∂x1
= 0 (7.14)

where ψ =

(
ψ1

ψ2

)
is a two-component Dirac spinor. From (−iσ1)×(7.14), we

find

1
∂ψ

∂x0
− σ3

∂ψ

∂x1
= 0 (7.15)
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which can be written down as

∂ψ1

∂x0
− ∂ψ1

∂x1
= 0 ,

∂ψ2

∂x0
+
∂ψ2

∂x1
= 0 . (7.16)

Obviously, the solutions are given by ψ1 = ψ1(x0 + x1) and ψ2 = ψ2(x0 − x1).
In the momentum-space representation, ψ1 and ψ2 correspond to right-moving
and left-moving wavefunctions, respectively. Alternatively we can regard these
as spinors of right and left chiralties.

In the Dirac theory of fermions, observables are not given by a single field
ψ but by biproducts such as ψ†ψ and ψ̄ψ. In the (1+1)-dimensional case, ψ̄ is
defined as

ψ̄ = ψ†σ1 . (7.17)

The fermionic currents are then defined by

ψ̄γψ = ψ†σ1

(
σ1ψ
iσ2ψ

)
=

(
ψ†ψ
−ψ†σ3ψ

)
=

(
ψ†1ψ1 + ψ†2ψ2

−ψ†1ψ1 + ψ†2ψ2

)
≡
(
J0

J1

)
. (7.18)

We now define

ψ†1ψ1 =
J0 − J1

2
≡ J− , (7.19)

ψ†2ψ2 =
J0 + J1

2
≡ J+ (7.20)

and consider an algebra of these observables. As mentioned earlier, our strategy
is to obtain a bosonic realization of such an algebra.

Since Dirac spinors are fermions, they obey the equal-time anticommutation
relations:

ψ(x0, x1)ψ(x0, y1) + ψ(x0, y1)ψ(x0, x1) = 0 ,

ψ†(x0, x1)ψ†(x0, y1) + ψ†(x0, y1)ψ†(x0, x1) = 0 , (7.21)

ψ(x0, x1)ψ†(x0, y1) + ψ†(x0, y1)ψ(x0, x1) = δ(x1 − y1)1 .

where the spinor labels are not explicitly shown; the elements of identity 1
correspond to these labels. Using (7.21), we can naively calculate an equal-time
commutation relations for the observables, say J−’s, as

[J−(x0, x1), J−(x0, y1)]

= [ψ†1(x0, x1)ψ1(x0, x1), ψ†1(x0, y1)ψ1(x0, y1)]

= ψ†1(x0, x1)
{
ψ1(x0, x1), ψ†1(x0, y1)

}
ψ1(x0, y1)

− ψ†1(x0, y1)
{
ψ1(x0, y1), ψ†1(x0, x1)

}
ψ1(x0, x1)
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= ψ†1(x0, x1)δ(x1 − y1)ψ1(x0, y1)− ψ†1(x0, y1)δ(x1 − y1)ψ1(x0, x1) .

(7.22)

Apparently, this quantity vanishes everywhere but, in reality, singularity enters
at the same point x1 = y1. Thus we need to treat it more carefully around this
point. We then rewrite J− as

J−(x) = ψ†1(x+ ε)ψ1(x− ε) (7.23)

where we use composite notations, x = (x0, x1) and x ± ε = (x0, x1 ± ε). We
eventually take the limit of ε → 0 at the end of calculation. The commutator
(7.22) is now expressed as

[J−(x), J−(x)] =
[
ψ†1(x+ ε)ψ1(x− ε), ψ†1(y + ε)ψ1(y − ε)

]
= ψ†1(x+ ε)ψ1(y − ε)δ(x− y − 2ε)

− ψ†1(y + ε)ψ1(x− ε)δ(x− y + 2ε) (7.24)

where δ(x− y ± 2ε) can be expanded as

δ(x− y ± 2ε) = δ(x− y)± 2ε
∂

∂x
δ(x− y) . (7.25)

Thus we need to have

ψ†1(x+ ε)ψ1(y − ε) ∼ 1

ε
(as x→ y) (7.26)

in order to obtain nonzero contributions in (7.24). The relation (7.26) typically
occurs in field theories. In the following, we first show this relation and then
resume the calculation of (7.24).

Fermion propagators in 1+1 dimensions

There are two ways of evaluating ψ†1(x + ε)ψ1(y − ε). One is by a mode
expansion and the other is to use a fermion propagator. Here we take the latter
approach. The propagator is defined as

S−(x, y) = 〈0|ψ1(x0, x1)ψ†1(y0, y1)|0〉θ(x0 − y0)

− 〈0|ψ†1(y0, y1)ψ1(x0, x1)|0〉θ(y0 − x0)

= 〈0|
[
ψ1(x)ψ†1(y)θ(x0 − y0)− ψ†1(y)ψ1(x)θ(y0 − x0)

]
|0〉 (7.27)

where θ(x0 − y0) is the Heaviside step function

θ(x0 − y0) =

{
1 for x0 > y0 ,
0 for x0 < y0 .

(7.28)
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Notice that the minus signs in (7.27) arise from the anticommuting relations at
x0 = y0. As shown in (7.16), ψ1 obeys the Dirac equation(

∂

∂x0
− ∂

∂x1

)
ψ1 = 0 . (7.29)

Using this equation, we now calculate derivatives of S−(x, y):

∂

∂x0
S−(x, y) = 〈0|

[
θ(x0 − y0)

∂ψ1(x)

∂x0
ψ†1(y)− θ(y0 − x0)ψ†1(y)

∂ψ1(x)

∂x0

]
|0〉

+ 〈0|
[
δ(x0 − y0)ψ1(x)ψ†1(y) + δ(y0 − x0)ψ†1(y)ψ1(x)

]
|0〉︸ ︷︷ ︸

= δ(x0−y0)〈0|{ψ1(x), ψ†1(y)}|0〉= δ(x0−y0)δ(x1−y1)

(7.30)

∂

∂x1
S−(x, y) = 〈0|

[
θ(x0 − y0)

∂ψ1(x)

∂x1
ψ†1(y)− θ(y0 − x0)ψ†1(y)

∂ψ1(x)

∂x1

]
|0〉

(7.31)

where we have used
∂

∂x0
θ(x0 − y0) = δ(x0 − y0) . (7.32)

From (7.30) and (7.31), we find(
∂

∂x0
− ∂

∂x1

)
S−(x, y) = δ(x0 − y0)δ(x1 − y1) . (7.33)

The solution is then given by

S−(x, y) =

∫
d2p

(2π)2

ie−ip0(x0−y0)+ip1(x1−y1)

p2
0 − p2

1

(p0 − p1)

= i(∂0 + ∂1)

∫ ∞
−∞

dp0

2π

∫ ∞
−∞

dp1

2π

ie−ip0(x0−y0)+ip1(x1−y1)

p2
0 − p2

1︸ ︷︷ ︸
≡G(x,y)

. (7.34)

The integral G(x, y) reduces to 2-dimensional Green’s function for the Laplace
equation if we carry out an analytic continuation from p1 to pE = −ip1 as shown
in Fig. 7.1.

G(x, y) =

∫ ∞
−∞

dp0

2π

∫ ∞
−∞

dpE
2π

e−ip0(x0−y0)−ipE(i(x1−y1))

p2
0 + p2

E

=
1

4π
log
(
(x0 − y0)2 − (x1 − y1)2

)
(7.35)

where the denominator of the integrand should be understood as (pE + ip0 −
η)(pE − ip0 + η), with η being an infinitesimal positive number (eventually
taken to η → 0) so that the analytic continuation is properly operated; this
computational technique is called the Wick rotation.
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Figure 7.1: Wick rotation from p1 to pE

From (7.34) and (7.35), we obtain

S−(x, y) =
i

2π

1

(x0 − y0) + (x1 − y1)
. (7.36)

Similarly, we can find

S+(x, y) =
i

2π

1

(x0 − y0)− (x1 − y1)
(7.37)

for J+’s. The factor i
2π can also be checked as follows. Let S−(x, y) be

S−(x, y) =
c

(x0 − y0) + (x1 − y1)
= c

(x0 − y0)− (x1 − y1)

(x0 − y0)2 − (x1 − y1)2 + ε2
(7.38)

where c is a constant to be determined. Since (7.33) means (∂0− ∂1)S−(x, y) =
δ(2)(x− y), integrating the equation, we have

c(∂0 − ∂1)

∫ ∞
−∞

dx0

∫ ∞
−∞

dx1 x0 − x1

(x0)2 − (x1)2 + ε2
= 1 . (7.39)

The left-hand side can easily calculated as

2c

∫ ∞
−∞

dx0

∫ ∞
−∞

dx1 ε2

[(x0)2 − (x1)2 + ε2]
2

= −i2c
∫ ∞
−∞

dx0

∫ ∞
−∞

dxE
ε2

[(x0)2 + (xE)2 + ε2]
2

= −i2c
∫ ∞

0

πdr2 ε2

(r2 + ε2)2
= −i2πc (7.40)

where we use the Wick rotation from x1 to xE = ix1. From (7.39) and (7.40),
we can confirm the factor of i

2π in (7.36) and (7.37).
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Evaluating S−(x, y) on x0 > y0 and x0 → y0, we find

〈0|ψ1(x)ψ†1(y)|0〉 =
i

2π

1

(x1 − y1)
. (7.41)

This is exactly in the form of (7.26).

In general, ψ1(x)ψ†1(y) can be expressed as

ψ1(x)ψ†1(y) =
i

2π

1

x1 − y1
+ f(x− y)O (7.42)

where 〈0|O|0〉 = 0 and f(x − y) represents some function. We can claim that
f(x − y) does not give singularity as x → y. This can be seen by a simple di-

mensional analysis. Since 〈0|ψ1ψ
†
1|0〉 ∼ 1

x1 , ψ1 has dimension of (length)
−1/2

=

L−1/2. Observables are given by biproducts of spinors, i.e., ψ†1ψ1 and ψ†1∇ψ1.

In the case of O = O(ψ†1ψ1) ∼ L−1, we have f(x− y) ∼ log(x− y) ∼ L0. In the

other case, O = O(ψ†1∇ψ1) ∼ L−2, we have f(x− y) ∼ L. Thus, in either case,
f(x− y) does not give a singularity at x→ y.

Algebra of observables

Now that we have an explicit form of (7.26), let us resume the calculation
of (7.24). From the above results, we find that the leading singularities of

ψ†1(x+ ε)ψ1(y − ε) and ψ†1(y + ε)ψ1(x− ε) are given by

ψ†1(x+ ε)ψ1(y − ε) =
i

2π

1

(x1 + ε)− (y1 − ε)
−→ i

2π

1

2ε
(x1 → y1) , (7.43)

ψ†1(y + ε)ψ1(x− ε) =
i

2π

1

(y1 + ε)− (x1 − ε)
−→ i

2π

1

2ε
(x1 → y1) . (7.44)

Therefore the algebra of J−’s is given by

[J−(x0, x1), J−(x0, y1)] =
−i
π

∂

∂x1
δ(x1 − y1) . (7.45)

Similarly, we can check the same algebra for J+’s which are defined by

J+(x) = ψ†2(x− ε)ψ2(x+ ε) (7.46)

as in the case of (7.23). The algebra (7.45) gives the algebra of observables. This
algebra corresponds to an Abelian version of the so-called Kac-Moody algebra.
In the next section, we shall consider non-Abelian generalization of this algebra.

Bosonic realization

We now consider a bosonic realization of the observable J−(x0, x1), introduc-
ing a bosonic field φ(x0, x1) represented by a real variable. The time derivative
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of this field is an independent variable and we have the following equal-time
commutation relations:[

φ(x0, x1), φ(x0, y1)
]

= 0 ,[
φ̇(x0, x1), φ̇(x0, y1)

]
= 0 , (7.47)[

φ(x0, x1), φ̇(x0, y1)
]

= iδ(x1 − y1) .

These are equivalent to the commutation rules (7.1) for the bosonic operators

ak and a†k if we use the mode expansion

φ(x) =
∑
k

1√
2k0L

(
ake
−ikx + a†ke

ikx
)
. (7.48)

This can be easily checked with ikx = ik0x
0 − ik1x

1 and the replacement∑
k

→ L

∫
dk1

2π
. (7.49)

Now the bosonic realization of J− is given by

J− = α

(
∂φ

∂x0
− ∂φ

∂x1

)
(7.50)

where α is some constant. We can check this parametrization as

[J−(x0, x1), J−(x0, y1)]

= α2

[
φ̇(x)− ∂

∂x1
φ(x), φ̇(y)− ∂

∂y1
φ(y)

]
= −α2 ∂

∂y1

[
φ̇(x), φ(y)

]
− α2 ∂

∂x1

[
φ(x), φ̇(y)

]
= iα2 ∂

∂y1
δ(y1 − x1)− iα2 ∂

∂x1
δ(x1 − y1)

= −iα2 ∂

∂x1

(
δ(y1 − x1) + δ(x1 − y1)

)
= −i2α2 ∂

∂x1
δ(x1 − y1) . (7.51)

Notice that there is an ambiguity in the definition of the derivative acting on
the delta function. Since the delta function can be defined by

δ(x1 − y1) =

∫ ∞
−∞

dk

2π
eik(x1−y1) , (7.52)

we have ∂
∂x1 δ(x

1−y1) = − ∂
∂y1 δ(x

1−y1) and δ(x1−y1) = δ(y1−x1) at the same
time. This leads to the sign ambiguity in the definition of the derivatives. In
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(7.51) we fix them as indicated. From (7.45) and (7.51), we can determine α by
α2 = 1

2π . Therefore, one of the bosonic realizations of the fermionic observable

(or the current) J− = ψ†1ψ1 is given by

J−(x) = ψ†1(x)ψ1(x) =
1√
2π

(
∂

∂x0
− ∂

∂x1

)
φ(x) . (7.53)

Similarly, but with a different choice of sign fixing for the derivatives, we can
also obtain the bosonization of J+ = ψ†2ψ2 as

J+(x) = ψ†2(x)ψ2(x) =
1√
2π

(
∂

∂x0
+

∂

∂x1

)
φ(x) . (7.54)

7.2 Non-Abelian bosonization

In this section, we consider a non-Abelian version of what we have discussed.
This can be realized by considering N free fermions. In this case, ψ can be
expressed as

ψ =

(
ψ1

ψ2

)
→
(
ψa1
ψa2

)
(a = 1, 2, · · · , N) (7.55)

The currents of interest are then written as Jab− ∼ ψ†1
a
· ψb1. We can consider

these as N2 hermitian operators. We now introduce SU(N) symmetry and
classify the N2 currents as{

ψ†1
a
ψa1 trace-like current

ψ†1
a
(Tα)abψ

b
1 SU(N) currents

(7.56)

where Tα (α = 1, 2, · · · , N2 − 1) are the generators of the SU(N) group, rep-
resented by traceless N × N hermitian matrices. The SU(N) algebra is then
given by

[Tα, T β ] = ifαβγT γ . (7.57)

As usual, the normalization of Tα is chosen by

Tr(TαT β) =
1

2
δαβ . (7.58)

In analogy with the Abelian case (7.23), we can define the non-Abelian currents
as

Jα−(x) = ψ†1(x+ ε)Tα ψ1(x− ε) . (7.59)

The equal-time commutation relation can be calculated as

[Jα−(x0, x1), Jβ−(x0, y1)]

=
[
ψ†1(x+ ε)Tαψ1(x− ε), ψ†1(y + ε)T βψ1(y − ε)

]
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= ψ†1
a
(x+ ε)(Tα)ab

{
ψb1(x− ε), ψ†1

c
(y + ε)

}
(T β)cdψ

d
1(x− ε)

− ψ†1
a
(y + ε)(T β)ab

{
ψb1(y − ε), ψ†1

c
(x+ ε)

}
(T β)cdψ

d
1(x− ε)

= ψ†1(x+ ε)TαT βψ1(y − ε)δ(x− y − 2ε)

− ψ†1(y + ε)T βTαψ1(x− ε)δ(x− y + 2ε) (7.60)

where we have used{
ψa1 (x0, x1), ψ†1

b
(x0, y1)

}
= δabδ(x1 − y1) . (7.61)

The expression (7.60) is an non-Abelian version of (7.24) and can similarly be
simplified as

[Jα−(x), Jβ−(y)] = ifαβγJγ−(x)δ(x− y)− i

2π
δαβ

∂

∂x
δ(x− y) (7.62)

where x = (x0, x1) and y = (x0, y1) denotes composite coordinates as before.
This gives a non-Abelian version of the Kac-Moody algebra. This is also known
as the current algebra. Explicitly, (7.62) can be written as

[Jα−(x0, x1), Jβ−(x0, y1)] = ifαβγJγ−(x0, x1)δ(x1 − y1)− i

2π
δαβ

∂

∂x1
δ(x1 − y1) .

(7.63)

We can obtain another realization of the current algebra, using the parametriza-
tion

Jαn = Jαn (x0) =

∫ 2πR

0

ein
x1

R Jα(x0, x1)dx1 (7.64)

where n is an integer. Multiplying (7.63) by ein
x1

R eim
y1

R and integrating over x1

and y1 around circles of radius R, we find

[Jαn , J
β
m] = ifαβγ

∫
x1

∫
y1
ein

x1

R +im y1

R Jγ(x)δ(x1 − y1)dx1dy1

− i

2π
δαβ

∫
x1

∫
y1
ein

x1

R
∂

∂x1
δ(x1 − y1)eim

y1

R dx1dy1

= ifαβγJγn+m +mδαβδn+m,0 (7.65)

where we use ∫ 2πR

0

ei(n+m) x
1

R dx1 = 2πR δn+m,0 . (7.66)

Notice that there is a sign ambiguity in the second term of (7.65) due to the
derivative acting on δ(x1−y1); we have made a conventional choice here. Notice
also that for m = n = 0 the algebra reduces to the ordinary SU(N) algebra.

In mathematical literatures, there is the so-called level number k associated
with the currents, e.g., Jα− = kψ†1T

αψ1. In such a case, the Kac-Moody algebra
is expressed as

[Jαn , J
β
m] = ifαβγJγn+m + kmδαβδn+m,0 . (7.67)
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Bosonic realization

Regarding the Kac-Moody algebra, there is a theorem (due to Kac) that
states:

The Kac-Moody algebra of k = 1 has only one unitary irreducible
representation if the operators are defined in a simply connected
space.

This is analogous to the Stone-von Neumann theorem for the Heisenberg algebra
which we have discussed in chapters 4 and 6.

Our representation is given by the fermionic currents Jα− or more precisely
ψ̄γψ as shown in (7.18) for the Abelian case. Notice that since Jα+ and Jα− obey
the same algebra it is sufficient to consider bosonizaton of the Jα− part only. As
indicated in (7.53), for a single fermion the bosonic realization is expressed as

ψ†1ψ1 = J−(x) =
1√
2π
∂−φ(x) = − i√

2π
(∂−g) g−1 , (7.68)

g = g(x) = eiφ(x) (7.69)

where ∂− = (∂0 − ∂1). g(x) can be considered as an element of the Abelian
group U(1). Non-Abelian extension of the above expression can be given by

ψ†Tαψ = Jα−(x) =
1√
2π
∂−φ

α(x) = − i√
2π

(∂−g) g−1 , (7.70)

g = g(x) = eiT
αφα(x) (7.71)

where g is now an element of the SU(N) group. The relation (7.70) represents
a bosonization of the non-Abelican current. There exists a bosonic action for
g which describes a two-dimensional physical system, being equivalent to the
fermionic scheme in terms of Jα±. This action is called the Wess-Zumino-Witten
(WZW) action. In the next section, we shall briefly discuss dynamics of this
action.

The expression (7.70) shows a mapping between a fermionic current and a
bosonic scalar field, J− ↔ φ. An exact mapping between fermionic and bosonic
fields ψ ↔ φ is, however, not known except for the Abelian case. In the Abelian
case the mapping exists due to Mandelstam. Explicitly, it is given by

ψ1
2

(x) = exp

(
±iφ

2
+

1

2

∫ ∞
x1

φ̇ dx1

)
. (7.72)

Notice that these can be seen as integral versions of the Klein transformation
which we have discussed in (7.7) and (7.8).
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7.3 Wess-Zumino-Witten action

In this section, we introduce the Wess-Zumino-Witten (WZW) action and present
a simple derivation for the equation of motion. For further studies, one should
refer to textbooks on conformal field theory. For details of the WZW action,
many textbooks on quantum field theory would also be useful.

The WZW action is defined by

S =
k

4π

∫
d2xTr

(
∂g

∂xµ
∂g−1

∂xµ

)
+

k

4π

∫ 1

0

dλ

∫
d2xTr

(
g−1 ∂g

∂λ
g−1 ∂g

∂xi
g−1 ∂g

∂xj
εij
)

(7.73)

where µ = 0, 1 and k ∈ Z is the level number. In the second term, the so-
called WZ term, g = g(x) is also dependent on an extra variable λ ∈ [0, 1], i.e.,
g = g(x, λ), with the boundary condition:

g(x, 0) = 1 , g(x, 1) = g(x) = eiT
αφα(x) . (7.74)

The integrand of the second term can be written in a form of a total derivative
so that S dose not depend on how we interpolate g as long as (7.74) is satisfied.

The equation of motion can be obtained by varying S. We vary g first. With
δφα = εα, this can be written as δg(iTαεα)g, or

iTαεα = δg g−1 ≡ ξ . (7.75)

The variation of the first term in S is then expressed as

δS(1) =
k

4π

∫
d2xTr

[
∂µ(δg)∂µg

−1 + ∂µg∂µ(δg−1)
]

=
k

4π

∫
d2xTr

[
∂µ(ξg)∂µg

−1 − ∂µg∂µ(g−1ξ)
]

=
k

4π

∫
d2xTr

[
(∂µξ)g∂µg

−1 − ∂µgg−1∂µξ)
]︸ ︷︷ ︸

ξ∂µ(∂µgg−1−g∂µg−1)

=
k

2π

∫
d2xTrξ∂µ(∂µgg

−1)

=
k

2π

∫
d2xξ

[
∂

∂x0
(∂0gg

−1)− ∂

∂x1
(∂1gg

−1)

]
. (7.76)

On the other hand, the variation of the second term becomes

δS(2) =
k

2π

∫
d2xξ

[
∂

∂x0
(∂1gg

−1)− ∂

∂x1
(∂0gg

−1)

]
. (7.77)

From these, the equation of motion becomes

∂0(∂0gg
−1 + ∂1gg

−1)− ∂1(∂0gg
−1 + ∂1gg

−1) = 0
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−→ ∂−(∂+gg
−1) = 0 (7.78)

where ∂± = ∂0 ± ∂1. This is considered as a matrix generalization of the free-
field equation of motion. For the Abelian case g = eiφ, the equation (7.78)
reduces to

∂−
[
(∂+e

iφ)e−iφ
]

= ∂−∂+φ = 0 (7.79)

and its general solution is given by

φ(x) = φ1(x+) + φ2(x−) (7.80)

where x± = x0 ± x1. Analogously, the general solution of (7.78) can be given
by

g(x) = V (x+)U(x−) (7.81)

where V (x+) and U(x−) are arbitrary functions of x+ and x−, respectively.
This can be considered as a natural generalization of (7.80) to the non-Abelian
case.
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Chapter 8

Curved manifolds, metric
and Riemannian manifolds

8.1 Curved manifolds

We first consider an n-dimensional curved manifold M. Globally M can be
considered as an n-dimensional topological space. Locally M approximates to
an n-dimensional flat space Rn. In a neighbourhood of such a flat space, we
can define n local coordinates parametrized by n real variables. There are a
number of such neighbourhoods or so-called patches in the manifold M. In an
overlap of two different patches, there is a transition function that relates the
corresponding two sets of local coordinates. This function gives a one-to-one
invertible map between the two patches. This is also a smooth function, i.e., it is
an infinitely differentiable function, a C∞-function. Thus in a local description
the curved manifold can be considered as a differentiable manifold. A rough
sketch of M is shown in Fig. 8.1.

Figure 8.1: A sketch of a curved manifold

100
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A general function on a curved manifold is then defined as

f(x) : {image of neighbourhood of M in Rn} −→ R (8.1)

where x ∈ Rn. Similarly we can construct vectors and higher rank tensors.
Denoting a coordinate basis by dxµ (µ = 1, 2, · · · , n), we can construct a vector
as

A =
∑
µ

Aµ(x)dxµ (8.2)

where Aµ(x) denote components of the vector. Mathematically A is called a
covariant one-form. Since this should be independent of the choice of local basis,
we can require the relation

∑
µAµ(x)dxµ =

∑
ν Ãν(y)dyν , i.e.,

Ãν(y) = Aµ(x)
∂xµ

∂yν
(8.3)

where the sum over the same indices is contracted.

We now consider a derivative of Aµ(x) with respect to x. For a function

f(x) we can define the derivative ∂f
∂xµ without any problems. For vectors, how-

ever, the quantity
∂Aµ
∂xν does not have an invariant meaning. This can easily be

understood by writing the derivative as

∂

∂yα
Ãν(y) =

[
∂

∂xβ
Aµ(x)

]
∂xβ

∂yα
∂xµ

∂yν
+Aµ(x)

∂2xµ

∂yα∂yν
. (8.4)

The first term is tensorially well-defined while the second term causes a problem
in defining the derivative as a rank-2 tensor. We can eliminate the latter term
by antisymmetrizing ∂yα and ∂yν :

∂

∂yα
Ãν −

∂

∂yν
Ãα =

∂

∂xβ
Aµ

(
∂xβ

∂yα
∂xµ

∂yν
− ∂xβ

∂yν
∂xµ

∂yα

)
=

[
∂

∂xβ
Aµ −

∂

∂xµ
Aβ

]
∂xβ

∂yα
∂xµ

∂yν
. (8.5)

This means that the antisymmetrized derivative in the left-hand side transforms
homogeneously. Thus, in order to properly define vectors and tensors, which
are necessary to describe most of physical quantities, we always need to deal
with the antisymmetrized derivatives. We therefore need to use antisymmetric
covariant tensors and antisymmetrized derivatives. Mathematically these are
equivalent to differential forms and exterior derivatives, respectively.

From a physical point of view, this rule is a natural requirement of general
covariance, i.e., invariance under the coordinate transformations or the diffeo-
morphism. As we shall discuss in Chapter 9, this is related to a weak form of
the equivalence principle.

So far, we simply consider the topology of manifolds. To discuss geometry of
manifolds, we need to add geometric structures to the manifolds such as metric,
complex structure, Kähler structure, etc. In the next section, we first introduce
the metric of a manifold.
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8.2 Metric

Let xµ (µ = 1, 2, · · · , n) be the local coordinates of an n-dimensional manifold.
Then the metric is defined by

ds2 = gµν(x)dxµdxν (8.6)

where gµν(x) is the metric tensor. For the three-dimensional flat space, the
metric can be written as

ds2 = dx2 + dy2 + dz2

= dr2 + r2dθ2 + r2 sin2 θdφ2 (8.7)

where we use the spherical coordinates (x1, x2, x3) = (r, θ, φ) in the second line.
In these coordinates, nonzero components of the metric tensor are given by
g11 = 1, g22 = r2 and g33 = r2 sin2 θ.

Let yµ be another set of local coordinates. Then, from (8.6), we find ds2 =
gµν(x)dxµdxν = g̃µν(y)dyµdyν , i.e.,

g̃µν(y) = gαβ(x)
∂xα

∂yµ
∂xβ

∂yν
. (8.8)

The metric tensor gµν is therefore a symmetric rank-2 tensor.

In the n-dimensional case, gµν can then be expressed by a symmetric non-
degenerate n × n matrix. Such a matrix is always diagonalized by orthogonal
matrices and has n real eigenvalues λi ∈ R (i = 1, 2, · · · , n). For the non-
degenerate matrix, the eigenvalues are also nonsingular λi 6= 0. Notice that
we may have coordinate singularity. For example, in the case of (8.7) such
a singularity appears at r = 0, θ = 0, π. But this arises only for particular
coordinates and non-degeneracy of gµν holds in general.

The eigenvalues λi are therefore positive or negative. In many cases, we
would want all of them to be positive. In special relativity, however, light
propagation is invariant under Lorentz transformations and we need to require
the relation

dt2 − dx2 − dy2 − dz2 = dt′
2 − dx′2 − dy′2 − dz′2 (8.9)

where the primed variables denote the Loretnz transformed variables. In this
case, the time component counts the sign which is different from the spatial
coordinates. Special relativity takes an indispensable part in most of the modern
theoretical frameworks. Thus, in physics, the signs of these eigenvalues are
important and they are labeled by the signature of the metric, e.g., (+ + · · ·+),
(−++ · · ·+) and so on. In high energy physics, the conventional choice is given
by (+−− · · ·−).

In a matrix representation, the diagonalization of the metric tensor can be
expressed as

g = ST gdiagS = eT e (8.10)
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where gdiag = diag(λ1, λ2, · · · , λn) and e = diag(
√
λ1,
√
λ2, · · · ,

√
λn)S. As

mentioned above, S is an orthogonal matrix ST = S−1. Notice that S and gdiag

depend on x in general, and so dose e. In terms of matrix elements, this can be
represented by

gµν = eaµe
a
ν = eaµη

abebν (8.11)

ηab = (+−− · · ·−) (8.12)

where a, b = 1, 2, · · · , n. eaµ is called the frame field. In the case of n = 4, this

is also called the vierbein or tetrad. ηab is chosen to the Minkowski signature.
In terms of these, the metric (8.6) is written as

ds2 = gµνdx
µdxν = eaµe

a
νdx

µdxν

= ξaξa = ξaξbηab (8.13)

where ξa = eaµdx
µ is a local cartesian basis for infinitesimal length.

Frame fields, covariant derivatives and spin connections

We now consider local transformations of the frame fields

eaµ(x) −→ e′aµ (x) = Rab(x)ebµ(x) . (8.14)

Accordingly, the metric tensor transforms as

gµν = eaµe
b
ν −→ g′µν = RabebµR

acecν . (8.15)

Since the choice of frame fields should be independent of physical measurements,
we need to require gµν = g′µν , i.e.,

(RTR)bc = δab (8.16)

which means that Rab(x) is an orthogonal matrix. Thus (8.14) can be regarded
as local rotation transformations. With this condition, we can guarantee that
the frame fields do not appear in physical measurements. Alternatively, we
can state that physics should not depend on the local rotation of the frame
fields. This local rotation can be interpreted as local Lorentz (or, more precisely,
Euclidean) transformation. In terms of the signature η in (8.12), the local
Lorentz transformations are then defined by

RT ηR = η . (8.17)

In order to build physical models, one needs to define derivatives at least
to the second order. We first consider the derivative of the frame field and
its local Lorentz transformation. Using (8.14), we find ∂µe

′a
ν = (∂µR

ab)ebν +
Rab∂µe

b
ν . Obviously, this derivative does not behave covariantly. To circumvent

this problem, we now introduce the following derivative

Dµe
a
ν = ∂µe

a
ν + ωabµ e

b
ν . (8.18)
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Suppressing the roman indices, this can also be written as Dµeν = ∂µeν +ωµeν .
Interpreting ωµ and eν as a matrix and a vector, respectively, we can easily make
the roman indices explicit at any point. Similarly, ∂µe

′a
ν can also be written as

∂µe
′
ν = (∂µR)eν + R∂µeν . In what follows, we shall often use these notations

for simplicity.

We now consider the transformations of (8.18) along with the local Lorentz
transformations (8.14). These can be calculated as

D′µe
′
ν = ∂µe

′
ν + ω′µe

′
ν

= (∂µR)eν +R∂µeν + ω′µReν

= R(∂µeν + ωµeν) = R(Dµeν) (8.19)

where we chose the local transformations of ωµ such that

ω′µ = RωµR
−1 − ∂µRR−1 . (8.20)

Notice that ∂µRR
−1 is an antisymmetric matrix. This can be checked as follows.

From the identity ∂µ(RTR) = 0, we find the relation R−1T∂µR
T +∂µRR

−1 = 0.
In terms of matrix elements, this can be written as (R−1∂µR)ba+(∂µRR

−1)ab =
0, leading to (∂µRR

−1)T = −∂µRR−1. Thus, to make sense of the transforma-
tion (8.20), it is sufficient to consider ωabµ being antisymmetric in a and b. Such

an ωabµ is called the spin connection. By use of the spin connection, the deriva-
tive (8.18) behaves covariantly as shown in (8.19). This derivative is called the
covariant derivative. These results are derived from a conventional method of
gauge theory in particle physics.

Diffeomorphism, torsion and Riemann curvature

The above analysis suggests that we should use only the covariant derivative
as a derivative acting on the frame fields. Furthermore, as discussed in (8.8),
we need to antisymmetrize the derivative in order to take care of the coordinate
transformations (diffeomorphism) of the frame fields:

eµ(x) −→ e′aµ (x′) = e′aν (x)
∂x′ν

∂xµ
. (8.21)

These analyses therefore naturally lead us to define the antismymerized covari-
ant derivative

T aµν = (Dµeν)a − (Dνeµ)a (8.22)

which transforms homogeneously under the local Lorentz transformations (8.14)
and the coordinate transformations (8.21):

(D′µe
′
µ −D′νe′µ)a = Rab(Dαeβ −Dβeα)b

∂xα

∂x′µ
∂xβ

∂x′ν
. (8.23)

The quantity T aµν in (8.22) is called the torsion tensor.
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Let φa be a scalar function and consider its local transformations φa →
φ′a = Rabφb. The covariant derivative is given by (Dµφ)a = ∂µφ

a + ωabµ φ
b

which satisfies (D′µφ
′)a = Rab(Dµφ)b. We now consider the second order

derivative acting on φa and its local transformations. Obviously, we have
Dµ(Dνφ)a = ∂µ(Dνφ)a + ωabµ (Dνφ)b. Thus (Dνφ)a behaves like eaν in (8.18)
and, by construction, we find

(D′µD
′
νφ
′)a = Rab(DµDνφ)b . (8.24)

Therefore, as in the case of torsion, the combination (DµDνφ−DνDµφ)a trans-
forms homogenously. Indeed, we can carry out the calculation to obtain

(DµDνφ−DνDµφ)a = Rabµνφb , (8.25)

Rabµν = ∂µω
ab
ν − ∂νωabµ + ωacµ ω

cb
ν − ωacν ωcbµ . (8.26)

The transformations of (8.25) lead to the relation RabRbcµνφc = R′abµν φ′b where

φ′b = Rbcφc, i.e.,

R′adµν = RabRbcµν(R−1)cd . (8.27)

Thus Rabµν is a nice tensorial object whose local transformations are given by
(8.27). This tensor is called the Riemann curvature tensor.

Notice that both the torsion T aµν and the Riemann curvatureRabµν are derived

from the frame fields eaµ and the spin connection ωabµ or, more fundamentally,
from the metric gµν that is defined in a general curved manifold. From its
definition (8.22), we find that T aµν detects the effects of frame rotation or Lorentz
transformation. In physical measurements, we observe no evidence of nonzero
torsion. The torsion-free condition is thus physically important. In fact, as we
shall see in a moment, this condition leads the general curved manifold to be a
Riemannian manifold and provides a crucial foundation for the construction of
Einstein’s theory of general relativity. In this respect, the Riemann curvature
is more relevant to physics than the torsion; it determines the local shape of
manifolds and is responsible for physical quantities such as tidal forces due to
gravity.

8.3 Riemannian manifolds

As mentioned above a Riemannian manifold is defined by imposing the torsion-
free condition

T aµν = 0 (8.28)

to the general curved manifold. In this section, we consider the consequences of
this condition and reveal characteristic features of the Riemannian manifold.

From (8.22) and (8.28), we can easily find that the (Dµeν)a is symmetric in
µ and ν. Let us denote this quantity by Γaµν . Using the fact that the frame field
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eaµ is invertible, we can then express Γaµν as Γλµνe
a
λ, i.e.,

(Dµeν)a = ∂µe
a
ν + ωabµ e

b
ν ≡ Γλµνe

a
λ (8.29)

where Γλµν is symmetric in µ and ν. Let us see how this affects the metric:

∂µgαβ = (∂µe
a
α)eaβ + eaα(∂µe

a
β)

= (∂µe
a
α + ωabµ e

b
α)eaβ + eaα(∂µe

a
β + ωabµ e

b
β)− ωabµ (ebαe

a
β + eaαe

b
β)︸ ︷︷ ︸

=0

= Γλµαe
a
λe
a
β + Γλµβe

a
αe
a
λ

= Γλµα gλβ + Γλµβ gαλ (8.30)

where we use the fact that ωabµ is antysimmetric in a and b. Utilizing symmetric
properties of indices in (8.30), we can obtain the relation

∂αgµβ + ∂βgαµ − ∂µgαβ = 2Γλαβ gµλ . (8.31)

We now denote the inverse of the metric with upper indices, gαβg
βλ = δλα.

Namely, in this notation, we have (g−1)βλ = gβλ. Then, in terms of the metric,
Γλαβ can be expressed as

Γλαβ =
1

2
gλµ (∂αgµβ + ∂βgαµ − ∂µgαβ) . (8.32)

The quantity Γλαβ is called the Christoffel symbol.

We can also express the spin connection ωabµ in terms of eaµ and Γλµν . From
(8.29), we find

ωabµ = eaλΓλµν(e−1)νb + ∂µe
a
ν(e−1)νb

= eaΓµ(e−1)b − ∂µea(e−1)b (8.33)

where we use the abbreviated matrix notation in the second line; we consider
Γλµν = (Γµ)λν as matrix elements of the matrix Γµ here. The expression (8.33) is
analogous to the general result for the spin connection in (8.20). This shows that
on the Riemannian manifolds (with T aµν = 0) the spin connection is completely
determined by the metric.

In the matrix notation, the Riemann curvature tensor (8.26) is written as

Rµν = ∂µων − ∂νωµ + [ωµ, ων ] . (8.34)

We now write the spin connection in a general form

ωµ = MΩµM
−1 − ∂µMM−1 (8.35)

where M and Ωµ are arbitrary, with M−1 being the inverse of M . We then find

∂µων − ∂νωµ = M(∂µων − ∂νωµ)M−1 + [∂µMM−1,MΩνM
−1]
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+[MΩµM
−1, ∂νMM−1]− [∂µMM−1, ∂νMM−1] , (8.36)

[ωµ, ων ] = M [ωµ, ων ]M−1 − [MΩµM
−1, ∂νMM−1]

−[∂µMM−1,MΩνM
−1] + [∂µMM−1, ∂νMM−1] . (8.37)

Thus, for the general spin connection (8.35), the Riemann curvature (8.34) is
expressed as

Rµν = M (∂µΩν − ∂νΩµ + [Ωµ,Ων ])M−1 . (8.38)

For the choice of M = R, with R being the local rotational matrix defined
in (8.14), this relation proves the Lorentz covariance of the general Riemann
curvature as we have seen in (8.27). In comparison with (8.33), the case of the
Riemannian manifold corresponds to the choice of M = e and Ωµ = Γµ. Thus,
directly from (8.38), in the Riemannian manifold we find that the Riemann
curvature is expressed as

Rabµν = eαλ Rλµνα (e−1)αb , (8.39)

Rλµνα = ∂µΓλνα − ∂νΓλµα + ΓλµβΓβνα − ΓλνβΓβµα . (8.40)

The above derivation shows the usefulness of the matrix notation. Once matrix
expressions are obtained, the complete tensorial indices can be put automati-
cally.

Summary

In this section, we consider the general curved manifold and its specializa-
tion. We first begin with a differentiable topological manifold. We then add
the geometric information to it by defining the metric. From the symmetric
and non-degenerate properties of the metric tensor gµν , we can represent it as
a product of the frame fields eaµ. The spin connection ωabµ emerges from the
definition of the covariant derivative Dµ acting on the frame fields. The tor-
sion tensor T aµν and the Riemann curvature tensor Rabµν are then obtained from

(eaµ, ω
ab
µ ).

gµν = eaµe
b
ν (8.41)

(Dµeν)a = ∂µe
a
ν + ωabµ e

b
ν (8.42)

(Dµeν −Dνeµ)a = T aµν (8.43)

[(DµDν −DνDµ)φ]
a

= Rabµνφ
b (8.44)

The Riemannian manifold is obtained by the imposition of the torsion-free
condition T aµν = 0 on top of these relations. We can then solve for the spin

connection ωabµν in terms of derivatives of the metric. This can be carried out

efficiently by introducing the Christoffel symbol Γλµν . The Riemann curvature

can also be written in terms of (eaµ,Γ
λ
µν).



108

(Dµeν)a = Γλµνe
a
λ ←− T aµν = 0 (symmetric in µ, ν) (8.45)

Γλµν =
1

2
gλα (∂µgνα + ∂νgµα − ∂αgµν) (8.46)

ωabµ = eaλΓλµν(e−1)νb − ∂µeaλ (e−1)λb (8.47)

Rabµν = eaλRλµνα(e−1)αb (8.48)

Rλµνα = ∂µΓλνα − ∂νΓλµα + ΓλµβΓβνα − ΓλνβΓβµα (8.49)

All physical quantities are derived from the metric tensor gµν . In this sense,
physics on the curved manifold which includes the Riemannian manifold can be
described by a “metric theory”.



Chapter 9

Modern derivation of
Einstein equations

In physics, the Riemannian manifold is very important. In fact, we can postulate
the followings.

1. The world is described by a Riemannian manifold with signature (+−−−).

2. The metric gµν is determined dynamically by the matter content.

The latter assertion leads to the equations of motion for gµν , the Einstein equa-
tions. One of the main goals of this chapter is to derive the Einstein equations
by use of Riemannian geometry and desired symmetries.

These postulates are closely related to the equivalence principle. Depending
on the level of equivalence, there are historically two versions of the principle.
These are stated as below:

1. The inertial mass is the same as the gravitational mass (weak statement).

2. Coupling to gravity can be implemented by replacing ordinary derivatives
with covariant derivatives (strong statement).

The strong statement means that an accelerating frame is equivalent to a grav-
itational field. This is true for point particles with no spins. For particles with
spins, the strong statement is not generally true.

9.1 Motion of point particles

To illustrate the usefulness of symmetry, in this section we obtain the equations
of motion for point particles in the Lagrangian formalism. The point particle is
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the simplest example of the matter content, i.e., things except gravity such as
electromagnetic fields, mesons, baryons, fluids and gases.

As discussed in (8.13), the metric is given by

ds2 = gµνdx
µdxν = dt2 − dx2 − dy2 − dz2 (9.1)

for the flat Minkowski space. By definition this quantity is Lorentz invariant.
We can then specify a relativistically invariant action by

S = −m
∫ √

ds2 = −m
∫ √

gµνdxµdxν . (9.2)

The coefficient −m can be understood if we consider the non-relativistic limit:

S = −m
∫
dt
√

1− v2

≈
∫
dt

(
−m+

mv2

2

)
(9.3)

for small v where v denotes the speed of the particle in the unit of c = 1.
The action (9.2) depends only on gµν . This is a consequence of the Lorentz
invariance imposed on the action. Since the Riemann curvature tensor Rabµν is
also Lorentz covariant, we can in principle construct Lorentz invariant terms
out of Rabµν . For example, as Rabµν has spin information, we can add terms

like RabµνSµν for particle with spins where Sµν denotes the spin contribution to
the Lorentz generators. Such an additional term, however, violates the strong
statement of the equivalence principle. For spin-0 particles, on the other hand,
the strong statement is valid and we can use the action (9.2) to analyze the
motion of point particles. Notice that this action is interpreted as an integral
of curved distance. An interesting modification is then given by an action of an
integral over surface area. This is known as the Nambu-Goto action and leads
to the foundation of string theory.

Introducing a time-like parameter λ, we can express the action (9.2) as

S = −m
∫
dλ L , (9.4)

L =

√
gµν

dxµ

dλ

dxν

dλ
. (9.5)

The Euler-Lagrange equation for L becomes

∂L
∂xµ

− d

dλ

∂L
∂
(
dxµ

dλ

) = 0 . (9.6)

The first term on the left-hand side can be simplified as

∂L
∂xµ

=
1√

gαβ
dxα

dλ
dxβ

dλ

1

2
(∂µgβτ )

dxβ

dλ

dxτ

dλ
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=
1

2
∂µgβτ

dxβ

dλ

dxτ

ds
=

(
1

2
∂µgαβ

dxα

ds

dxβ

ds

)
ds

dλ
(9.7)

where we use √
gαβ

dxα

dλ

dxβ

dλ
=

ds

dλ
. (9.8)

Similarly, we can calculate the second term as

d

dλ

∂L
∂
(
dxµ

dλ

) =
d

dλ

 gµβ
dxβ

dλ√
gαβ

dxα

dλ
dxβ

dλ


=

d

dλ

(
gµβ

dxβ

ds

)
= ∂αgµβ

dxα

dλ

dxβ

ds
+ gµβ

d2xβ

ds2

ds

dλ

=

(
∂αgµβ

dxα

ds

dxβ

ds
+ gµβ

d2xβ

ds2

)
ds

dλ
. (9.9)

Putting together (9.7) and (9.9), the Euler-Lagrange (9.6) becomes

gµβ
d2xβ

ds2
+

(
∂αgµβ −

1

2
∂µgαβ

)
dxα

ds

dxβ

ds
= 0 . (9.10)

Multiplying gλµ, the inverse of the metric gλµ, this equation can be simplified
as

d2xλ

ds2
+ gλµ

(
∂αgµβ −

1

2
∂µgαβ

)
dxα

ds

dxβ

ds

=
d2xλ

ds2
+

1

2
gλµ (∂αgµβ + ∂βgµα − ∂µgαβ)

dxα

ds

dxβ

ds
= 0 (9.11)

where we use that the indices (α, β) are symmetric, and so are (λ, µ). From
the definition of the Christoffel symbol in (8.32), we then find that the Euler-
Lagrange equation eventually reduces to the equation

d2xλ

ds2
+ Γλαβ

dxα

ds

dxβ

ds
= 0 . (9.12)

This is called the geodesic equation. The Lagrangian (9.5) that we start with
is given by the proper distance. Thus the geodesic equation describes a straight
line which minimizes the proper distance. Notice that the derivation of (9.12)
is independent of the choice of the metric. Thus such a straight line represents
the propagation of light (or the geodesic) on a curved spacetime in general.

9.2 Modern derivation of Einstein equations

In the previous section, we see that the equations of motion for point particles
can be derived from the invariance under the Lorentz transformations. In this
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section, we consider the equations of motion for the metric, or the Einstein equa-
tions, in a similar fashion. As mentioned earlier, the metric is to be determined
dynamically by the matter content. The resultant equations should serve as a
mathematical realization of this assertion and provide a criterion to fix a metric
in a given matter distribution. Most of the dynamics of anything is determined
by symmetries. Thus our strategy to derive the Einstein equations is first to
write down an action S such that it is invariant under all desired symmetries.
In a general Riemannian manifold, such an action can be written as

S =

∫
d4x
√
−detg

(
invariant terms

)
(9.13)

where the integral measure
∫
d4x
√
−detg is invariant under the coordinate

transformations; one can check that the factor
√
−detg cancels the Jacobian

arising from the coordinate transformations in the Minkowski space.

Apart from a constant factor, the invariant factor in (9.13) is expected to be
written in terms of the Riemann curvature tensor Rλµνα. As defined in (8.40),
it is given by

Rλµνα = ∂µΓλνα − ∂νΓλµα + ΓλµβΓβνα − ΓλνβΓβµα (9.14)

where the Christoffel symbol is defined by

Γλαβ =
1

2
gλµ (∂αgµβ + ∂βgµα − ∂µgαβ) . (9.15)

In order to obtain an invariant quantity out of Rλµνα, it is convenient to consider
the contraction of indices:

Rλµνα −→ Rλλνα ≡ Rνα ,

Rνα = ∂λΓλνα − ∂νΓλλα + ΓλλβΓβνα − ΓλνβΓβλα . (9.16)

Rνα is called the Ricci tensor. Notice that Γλνα is symmetric in ν and α. Thus,
from (9.15) and (9.16), one can easily check that Rνα is symmetric in ν and
α as well. Since the metric tensor gµν is also symmetric in the indices, we can
introduce a nontrivial scalar

R = gναRνα . (9.17)

This is called the Ricci scalar. For a spherical manifold with radius r, the Ricci
scalar is proportional to r−2.

From the symmetry principle, the invariant action (9.13) can tentatively be
written as

S =

∫
d4x
√
−detg

[
(const) + #R+

(
R2, RναRνα, RλµναR

µνα
λ , · · ·

)]
=

∫
d4x
√
−detg

[
1

16πG
R− Λ

]
+ · · · (9.18)
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where # is a certain constant. For later convenience we fix it to 1
16πG , with

G being Newton’s constant. Λ is also a constant and is called the cosmological
constant. We shall discuss its physical meaning later in this section.

We now consider variation of the action (9.18). The variation of the Ricci
scalar R = Rαβgαβ is given by

δR = δRαβ gαβ + Rαβδgαβ . (9.19)

The variation of
√
−detg can be obtained as follows. Let M be an invertible

matrix. Using the identity

log detM = Tr logM , (9.20)

we find the relation

δ(log detM) =
δ(detM)

detM
= TrM−1δM = −TrMδM−1 . (9.21)

Thus we can easily calculate the variation of
√
−detg as

δ
√
−detg = −1

2

√
−detg gαβδg

αβ (9.22)

From (9.18), (9.19) and (9.22), we find

δS =

∫
d4x
√
−detg

[
−1

2
gαβ

(
1

16πG
R− Λ

)
+

1

16πG
Rαβ

]
δgαβ

+

∫
d4x
√
−detg

1

16πG
δRαβgαβ . (9.23)

The integrand of the last term is a total divergence. Thus, by use of the varia-
tional principle, we obtain the following equation of motion:

Rαβ −
1

2
gαβR + 8πGΛ gαβ = 0 . (9.24)

This is called the vacuum Einstein equation.

We now consider the incorporation of the matter source into the free field
action (9.18). Let Smatter be the matter action

Smatter =

∫
d4x
√
−detgLmatter . (9.25)

By definition, the matter action satisfies the equation

δSmatter

δgµν
=

1

2
Tµν (9.26)

where Tµν is the energy-momentum tensor which is symmetric in µ and ν. This
equation can be rewritten as

δSmatter =

∫
d4x
√
−detg

(
1

2
Tµνδg

µν

)
. (9.27)
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Combined with (9.23), we then obtain the full Einstein equation

Rαβ −
1

2
gαβR + 8πGΛ gαβ = −8πGTµν . (9.28)

The identification of G with Newton’s constant can be explained as follows.
Consider a point particle of mass m under the gravitational potential Φ = −GMr .
As discussed in (9.3), the motion of a point particle is given by the action

S = −m
∫ √

gµνdxµdxν

= −m
∫ √

g00 − v2dt

≈ −m+
1

2
mv2 −mΦ (9.29)

where gij = −δij and the (0, 0)-component of the metric approximates to

g00 ≈ 1 + 2Φ = 1− 2GM

r
(9.30)

in the non-relativistic limit. Linearlizing the Einstein equation, with the term
2Φ regarded as perturbative, we find that the Einstein equation reduces to
Poission’s equation for the gravitational potential:

∇2Φ = 4πGρ (9.31)

where ρ is the mass density of the matter source, T00 ≈ ρ = Mδ(0)(x). From
this linearlization, we can then reduce the Einstein equation to the classical
Newton theory by identifying G as Newtons’s constant.

On the other hand, the cosmological constant Λ does not have analogs to
the Newton theory. From the definition (9.18), we find that Λ serves as the
energy density of the vacuum. According to observational data, the universe
is expanding with a positive acceleration. In terms of Λ, this fact means that
Λ > 0. Theoretically, however, we cannot determine the sign of Λ. There are
possibilities of Λ = 0 (constant expansion of universe) and of Λ < 0 (shrinking
universe).

Lastly, we consider all the remaining terms in the action (9.18) such as R2

and RναRνα:

S =

∫
d4x
√
−detg

1

16πG

[
R−16πGΛ+16πG

(
c1R2+c2RναRνα+· · ·

)]
+Smatter

(9.32)
where c1, c2 are constants. In the non-relativistic limit (9.30), we can calculate
R as R = GM

r3 . This can be derived from the definition of the Ricci scalar; note
that R is roughly given by the second order derivative of the metric, R ∼ ∇2g00.
We can then evaluate the factor GR as

GR = G
GM

r3
∼ G2(density)� 1 (9.33)
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for any element in the periodic table. The largest density of all elements is
given by the osmium (Os). Even for the osmium, the value can be evaluated as
G2(density)Os ≤ 10−90 in a suitable unit. Thus in most of the cases the higher
derivative terms such as R2 and RναRνα are negligible in the study of general
relativity. At high-energy and short-distance limit, these derivative terms may
become important but at low-energy and long-distance limit we can minimize
the number of derivatives in obtaining an effective action.

9.3 Schwarzschild metric

For a point matter source ρ = Mδ(3)(x) (e.g., a matter distribution around the
sun) a solution to the Einstein equation (9.28) is given by the Schwarzschild
metric

ds2 =

(
1− 2GM

r

)
dt2 − dr2

1− 2GM
r

− r2dθ2 − r2 sin2 θdφ2 . (9.34)

Using this metric, we can specify an action for the motion of a planet:

S = −m
∫
dt

√(
1− 2GM

r

)
− ṙ2

1− 2GM
r

− r2θ̇2 − r2 sin2 θφ̇2

≈ −m
∫
dt

[√
1− 2GM

r
− 1

2

1

1− 2GM
r

(
ṙ2

1− 2GM
r

+ r2θ̇2 + r2 sin2 θφ̇2

)]

≈ −m
∫
dt

[(
1− GM

r

)
− 1

2

(
ṙ2 + r2θ̇2 + r2 sin2 θφ̇2

)]
(9.35)

where we use 2GM
r � 1. The action is then written as

S =

∫
dt

[
−m+

1

2
mv2 −

(
−GMm

r

)]
+ · · · (9.36)

where v = ṙ in the unit of c = 1. The terms in the square brackets denote
the rest mass, the kinetic energy and the gravitational potential, respectively.
These are in accord with the Newtonian theory except the explicit rest mass
term. The terms denoted by the ellipsis denote calculable correction to the
Newtonian theory. For example, the perihelion precession of Mercury can be
computed from these terms.

The Schwarzschild metric has a singularity at rsc = 2GM . This is called the
Schwarzschild radius. As discussed earlier, the propagation of light is described
by the geodesic equation (9.12). Applying the Schwarzschild metric, we observe
that there are no geodesics that start inside r < rsc and end outside r > rsc.
The region inside r < rsc is called a black hole.

There is an important theorem, called Birkhoff’s theorem, regarding the
Schwarzschild metric. The theorem states that
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The only non-rotating and uncharged solution of the Einstein equa-
tion (with Λ = 0) with spherical symmetry is the Schwarzschild
solution.

If rotating solutions are further allowed, the solution of the Einstein equation is
uniquely given by the so-called Kerr solution (found by Roy Kerr around 1964).
This is known as the black hole uniqueness theorem.

In terms of the frame field eaµ, the Schwarzschild metric is described by

e0
0 =

√
1− 2GM

r
, e2

2 = r ,

e1
1 =

1√
1− 2GM

r

, e3
3 = r sin θ (9.37)

where the set of indices (0, 1, 2, 3) correspond to the polar coordinates (t, r, θ, φ).
The remaining components of the frame field are all zero. It is a good exercise
to check that this is indeed a solution of the Einstein equation. (The best
approach would be to find the spin connection ωabµ first and use it to obtain the
Ricci tensor Rµν and the Ricci scalar R.)



Chapter 10

Isometries and cosmological
solutions

10.1 Covariant derivatives, isometries and Killing
equations

Covariant derivatives on the Riemannian manifold

Let φa be a scalar function. As defined in (8.24), a general covariant deriva-
tive acting on φa is expressed as

(Dµφ)a = ∂µφ
a + ωabµ φ

b . (10.1)

where ωabµ is the spin connection. We have obtained this expression by requiring

the covariance of the derivative (D′µφ
′)a = Lab(Dµφ)b under the local Lorentz

transformation of φa, φa → φ′a = Labφb; see (8.18), (8.19) for details.

We now consider the expansion of φa by the frame fields:

φa = eaαφ
α . (10.2)

Using this notation, we can rewrite (10.1) as

(Dµφ)a = (∂µe
a
α + ωabµ e

b
α)φα + eaα∂µφ

α

= eaλ
(
∂µφ

λ + Γlaµαφ
α
)

(10.3)

where we use the basic relation of the Riemannian manifold ∂µe
a
α + ωabµ e

b
α =

Γλµαe
a
λ; see (8.29). From (10.3) we find that the quantity ∂µφ

λ + Γlaµαφ
α is a

homogeneous tensor. We can then define the covariant derivative ∇µ on the
Riemannian manifold as

∇µφα = ∂µφ
α + Γαµβφ

β . (10.4)
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Notice that we do not impose antisymmetrization of the derivative here. So we
may call ∇ a symmetric covariant derivative.

Consider the contraction of the indices by φαχα where χα denotes another
set of scalar function. An analog of (10.2) for χα is expressed as

χa = (e−1)αaχα . (10.5)

The covariant derivative acting on χα is then defined by

∇µχα = ∂µχα − Γβµαχβ . (10.6)

In general, the action of the covariant derivative ∇µ on a tensor of the form
T
α1α2···αp
β1β2···βq is given by

∇µT
α1α2···αp
β1β2···βq = ∂µT

α1···αp
β1···βq + Γα1

µαT
αα2···αp
β1···βq + · · ·+ ΓαpµαT

α1···αp−1α
β1···βq

− Γβµβ1
T
α1···αp
ββ2···βq − · · · − ΓβµβqT

α1···αp
β1···βq−1β

. (10.7)

In particular, action of ∇α on the metric gµν vanishes:

∇αgµν = ∂αgµν − Γλµαgνλ − Γλναgβλ = 0 (10.8)

where we use the identity (8.30). This means that the covariant derivative is
compatible with the metric. In other words, gµν is a covariant metric. This fact
is crucial for the importance of isometries in physics.

Isometries and Killing equations

Isometries refer to the coordinate transformations

xµ → xµ + ξµ(x) (10.9)

which preserve the metric ds2 = gµν(x)dxµdxν . The change in the metric can
be calculated straightforwardly:

(ds2)x+ξ − (ds2)x = ξα∂αgµνdx
µdxν + gµν

∂ξµ

∂xα
dxαdxν + gµνdx

µ ∂x
ν

∂xα
dxα

=

[
ξα∂αgµν + gαν

∂ξα

∂xµ
+ gµα

∂ξα

∂xν

]
dxµdxν . (10.10)

Thus ξµ leads to an isometry if it obeys the condition

ξα∂αgµν + gαν
∂ξα

∂xµ
+ gµα

∂ξα

∂xν
= 0 . (10.11)

This is called the Killing equation. The ξµ is called the Killing vector. For a
given gµν we can write down the Killing equation and solve for ξα to obtain the
isometries.
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Using the relation (8.31), i.e.,

∂µgαν + ∂νgµα − ∂αgµν = 2 Γλµν gαλ , (10.12)

we can simplify the Killing equation as

∂

∂xµ
(ξαgαν) +

∂

∂xν
(ξαgµα)− ξα∂µgαν − ξα∂νgµα + ξα∂αgµν

= ∂µξν + ∂νξµ − ξβgαβ(∂µgαν + ∂νgµα − ∂αgµν)

= ∂µξν + ∂νξµ − 2ξβΓβµν

= (∂µξν − Γβµνξβ) + (∂νξµ − Γβνµξβ)

= ∇µξν +∇νξµ = 0 (10.13)

where ∇’s are the symmetric covariant derivative defined in (10.6). The Killing
equation can therefore be simplified as ∇µξν +∇νξµ = 0.

10.2 Isometries and operator algebra

Isometries are given by the solutions of the Killing equation. As discussed in
the previous chapter, the motion of point particles is governed by the action
S = −m

∫
ds. Thus we can state that

The symmetries of point particle dynamics are equivalent to the
isometries of underlying spacetime.

Another example is given by a relativistic scalar particle which obeys the Klein-
Gordon equation

( +m2)φ = 0 (10.14)

where denotes the d’Alembert operator. In terms of the metric this can be
written as

=
1√
−g

∂

∂xµ
gµν
√
−g ∂

∂xν
(10.15)

where g = det(gµν). A curved-space action which derives the Klein-Gordon
equation is given by

S =
1

2

∫
d4x
√
−g

(
∂φ

∂xµ
∂φ

∂xµ
gµν −m2φ2

)
. (10.16)

Symmetries of this action are also isometries of the underlying curved space.

We now claim that isometries give a complete set of operators in quantum
theory on a curves space. In quantum theory, one interprets the scalar function
φ as an operator which acts on a Hilbert space of the physical system. In fact,
quantum theory can be defined by one unitary irreducible representation of the
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complete set of operators for the physical system. This definition is noting to do
with the choice of coordinates.

The simplest example that illustrates our claim is given by the Minkowski
space ds2 = dx2

0 − dx1
0 − dx2

0 − dx3
0 = ηµνdx

µdxν with ηµν = (+−−−). In this
case, the Killing equation becomes

∂µξν + ∂νξµ = 0 . (10.17)

The most general solution is given by

ξµ = aµ + ωµνx
ν (10.18)

where aµ is a constant four-vector and ωµν satisfies the antisymmetric property

ωµν + ωνµ = 0 . (10.19)

In terms of these, the coordinate transformations are written as

xµ → xµ + ξµ = xµ + aµ + ωµνxν . (10.20)

From this expression, we find that aµ denotes translations and ωµν denotes
spatial rotation plus Loretnz transformations. Combination of these transfor-
mations form the Poincaré group. The transformations of the field operator
are expressed as

φ(x) −→ φ(x+ ξ) = φ(x) + ξµ
∂φ

∂xµ

≡ φ(x) + iO · φ . (10.21)

The operator O can be read off from (10.18):

O = aµ
(
−i ∂

∂xµ

)
+ ωµνxν

(
−i ∂

∂xµ

)
= aµPµ −

ωµν

2
Mµν (10.22)

where Pµ = −i ∂
∂xµ and Mµν = xµPν − xνPµ. These are the generators of

the translations and the spacetime rotations, respectively, for a (spinless) scalar
field. The operator algebra of these forms the Poincaré algebra:

[Pµ, Pν ] = 0 ,

[Mµν , Pα] = i (ηµαPν − ηναPµ) , (10.23)

[Mµν ,Mαβ ] = i(ηµαMνβ − ηναMµβ − ηµβMνα + ηνβMµα) .

In other curved spaces, we can similarly obtain a corresponding operator
algebra. For example, consider the Schwarzschild metric

ds2 =

(
1− 2GM

r

)
dt2 − dr2

1− 2GM
r

− r2dθ2 − r2 sin2 θdφ2 . (10.24)
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From this metric, we see that the isometries are given by (a) time translation
(t→ t+a) and (b) translations of spatial angles with fixed r, t. The correspond-
ing operators are P0 = H (the Hamiltonian) and Li = 1

2ε
ijkMjk (the angular

momentum) where i = 1, 2, 3.. The operator algebra of the system is then given
by

[H,Li] = 0 , [Li, Lj ] = iεijkLk . (10.25)

If we further impose a symmetry, i.e., a condition of no precession for the
planetary motion, then the system reduces to the Kepler problem. As discussed
in Chapter 2, we need to consider the Lunge-Lenz vector in addition so as to
construct the full operator algebra of the Kepler problem; the relevant algebra
is shown in (2.29).

10.3 FRW metric and cosmological solutions

In this section, we consider the most probable metric for the universe and its so-
lutions. Firstly, we cannot impose time-translation invariance otherwise history
does not exist. We then impose two principle on our universe:

1. Homogeneous universe: no preferred origin (translational invariance);

2. Isotropic universe: no preferred direction (rotational invariance).

We can therefore infer that the metric of universe has spatially translational
and rotational Killing vectors. An ansatz for such a metric is given by the
Friedmann-Robertson-Walker metric (FRW metric):

ds2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

]
(10.26)

where a(t) denotes a time-dependent scale factor. Regarding the value of k, we
only need to consider three cases, k = 0,±1 due to the normalization for r. For
k = 0, the FRW metric reduces to the flat space metric. For k = 1, the spatial
part of the FRW metric becomes

dr2

1− r2
+ r2dθ2 + r2 sin2 θdφ2 = dα2 sin2 α(dθ2 + sin2 dφ2) (10.27)

where we parametrize r by r = sinα. This gives the metric of S3. For k = −1,
we can use a similar parametrization r = sinhα to obtain the hyperbolic (or
Lobachevskian) geometry. The space geometry is then classified as follows.

k =

 0 flat
1 S3

−1 hyperbolic
(10.28)
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Einstein equations for the FRW metric can be obtained straightforwardly.
The right-hand side of the Einstein equation is essentially given by the fluid
energy-momentum tensor

Tµν = (ρ+ P )uµuν − Pgµν (10.29)

where uµ is fluid’s four-velocity, P denotes the pressure and ρ denotes the den-
sity of the fluid. In the isotropic and homogeneous universe, non-vanishing
components of Tµν are given by

T00 = ρ , T11 = T22 = T33 = P . (10.30)

Then the Einstein equations reduce to

3

(
ȧ2

a2
+

k

a2

)
= 8πG(ρ+ Λ) , (10.31)

−2aä+ ȧ2 + k

a2
= 8πG(P − Λ) . (10.32)

The time derivative of (10.31) becomes

3

[
2ȧä

a2
− 2(ȧ2 + k)

a3
ȧ

]
= 8πG

dρ

dt
. (10.33)

On the other hand, the sum of (10.31) and (10.32) can be expressed as[
2(ȧ2 + k)

a2
− 2aä

a2

]
= 8πG(ρ+ P ) . (10.34)

Thus, from (10.33) and (10.34), we find

ρ̇+
3ȧ

a
(ρ+ P ) = 0 . (10.35)

This is called the Friedmann equation. Notice that this can also be derived from
the energy-momentum conservation law ∂µTµν = 0.

The two basic equations of the system — the isotropic and homogeneous
universe — are given by (10.31) and (10.35). Cosmological solutions are then
obtained by the solutions these. Based on this idea, we can categorize the
universe into three different eras.

1. Λ dominated era

We first consider the case in which Λ is dominant, Λ � ρ. Since the cos-
mological constant is one of the main candidates for dark energy. This era is
usually referred to as the dark-energy dominated era. The equation (10.31)
becomes

ȧ2

a2
+

k

a2
=

8πG

3
Λ . (10.36)
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For the flat space k = 0, we then find

ȧ

a
= ±

√
8πGΛ

3
. (10.37)

Observation shows that the universe is expanding. Thus we can take the plus
sign in the above and obtain the solution

a(t) = a(0) exp

(√
8πGΛ

3
t

)
. (10.38)

This shows that the universe is inflationary at this era. Since we neglect the
k-term in (10.36), the spatial geometry at the inflationary epoch is essentially
flat. In the current universe, the cosmological constant Λ is mostly canceled
out by some other effects which no one knows. Thus we can consider that the
current universe had already exited from the inflationary epoch.

2. Radiation dominated era

This era corresponds to the relativistic limit where the universe is dominated
by photons. In the isotropic universe under adiabatic expansion, we have the
relation

P =
1

3
ρ . (10.39)

Then the equation (10.35) becomes

ρ̇

ρ
+

4ȧ

a
= 0 −→ ρ =

σ

a4
(10.40)

where σ is some constant. With k = 0, the equation (10.31) reduces to

aȧ =

√
8πGσ

3
. (10.41)

The general solution is then given by

a2 = 2

√
8πGσ

3
t −→ a ∼

√
t . (10.42)

The temperature of the universe T ∼ 1/a comes down as time goes on. This
suggests that at certain point, recombination of charged particles (mostly elec-
trons and protons), happens and neutral gas (mostly the neutral hydrogen)
emerges. Consequently, radiation decouples from matter in the universe. The
temperature further decreases due to the expansion after neutrization of the
universe. This picture of thermal history is observationally confirmed by the
3K cosmic microwave background radiation and the helium abundance in the
current universe.
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3. Matter dominated era

Once radiation has decoupled from matter, the density ρ dominates and we
can neglect P and Λ. We can also assume k = 0 for the inflationary universe.
Then the basic equations (10.35), (10.31) become

ρ̇

ρ
+

3ȧ

a
= 0 −→ ρ =

σ′

a3
, (10.43)

3ȧ2

a2
=

8πGσ′

a3
−→

√
aȧ =

√
8πGσ′

3
(10.44)

where σ′ is a constant. From (10.44) we find

d

dt

(
a

3
2

)
=

3

2

√
8πGσ′

3
−→ a ∼ t2/3 . (10.45)

We also find ρ ∼ σ′

t2 . Notice that the t-dependence of ρ remains the same as
the previous case in (10.40). From (10.42) and (10.45), we also see that the
expansion rate of the universe is larger in the matter dominated era than the
radiation dominated era.

Observations: Hubble constant

The Hubble constant is defined by[
ȧ

a

]
today

= H0 ' h0

[
100

km

sec

1

Mpc

]
(10.46)

where H0 refers to today’s value of the Hubble constant H(t). h0 denotes the
conventional normalization and is roughly estimated by h0 ∼ 0.70.

Using H0, we can express the Einstein equation (10.31) as

1 +
k

a2
0H

2
0

=
8πGρ

3H2
0

+
8πGΛ

3H2
0

. (10.47)

The right-hand side terms represent density parameters for matter and cos-
mological constant. Respectively, these are denoted by Ωmatter = 8πGρ

3H2
0

and

ΩΛ = 8πGΛ
3H2

0
. Observational data shows that

Ωmatter ≈ 0.3 , ΩΛ ≈ 0.7 . (10.48)

Thus, from (10.47) and (10.48), we find that the spatial geometry is expected to
be flat (k = 0) at present. There are no good theoretical reasons for this simple
fact. There are actually a few big puzzles in cosmology regarding this matter.
They are as follows.

1. We need inflation to explain naturally why the spatial geometry is flat.
(Inflation is also necessary to get rid of the so-called horizon problem.)
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2. It is not clear how the universe exited from the inflationary era.

3. Ωmatter would be great in an early universe. How is this compatible with
the value of ΩΛ(≈ 0.7) today?



Chapter 11

Conformal isometries

In this chapter, we further consider isometries. In physics there are many things
which are not sensible to scale. For example, the massless photons are insensible
to scale. As well-known, the cosmic microwave background radiation at T '
3K can be explained by the Planckian distribution of the form 1

eω/T−1
where

ω denotes the angular frequency of the photon. This form, for instance, is
unchanged under the scaling if we properly redefine the temperature T . We can
see this fact as follows. Consider the flat metric ds2 = dt2−a2(dx2 +dy2 +dz2),
with a being the scale factor. The wave equation for the photon is then given

by
(
∂
∂tr −

1
a2

)
A = 0. For the plain wave solution A ∼ e±ipx, we find ω2 ∼ k2

a2

(k2 = |~k|2) where ~k denotes the momentum vector. In other words, ω gets
scaled as long as the photon is massless. As discussed in the previous chapter,
temperature goes down as the universe expands, i.e., we can naturally assume
T (t) ∼ 1

a(t) . Thus in such a case the distribution function 1

e|~k|/aT−1
remains the

same under the scaling.

The scale factor a is not exactly a symmetry of the metric in the above ex-
ample. But the scale invariance of a theory is intimately related to a conformal
symmetry or isometry, i.e., scale invariance of the metric, in general. In fact,
as we shall see later, for a two-dimensional theory that contains local interac-
tions, the scale invariance algebraically implies the conformal invariance. In this
chapter, we consider some general properties of the conformal symmetry.

11.1 Conformal symmetry and conformal Killing
equation

The conformal symmetry (or isometry) is a symmetry under the scale invariance
of the metric, gµν → eΩgµν where Ω is some constant. In other words, the

126



127

variation of the metric is given by

δgµν = λgµν (11.1)

where λ is a constant. This symmetry has profound consequences. From (10.9)-
(10.13), we find that the conformal isometry is defined by

∇µξν +∇νξµ = λgµν (11.2)

with the coordinate transformations xµ → xµ + ξµ(x). Contracting with gµν ,
we find that (11.2) leads to the relation

2∇µξµ = 4λ −→ λ =
1

2
∇ · ξ (11.3)

where we use the fact that ∇µ is a symmetric covariant derivative. For the
definition of ∇µ, see (10.4).

We can then rewrite the equation (11.2) as

∇µξν +∇νξµ −
1

2
(∇ · ξ) = 0 . (11.4)

This is called the conformal Killing equation. Any solution ξ of (11.4) gives a
conformal transformation of the given metric gµν .

Now, for simplicity, consider the flat Minkowski space, gµν = ηµν with ηµν =
(+ − −−). Since we have Γ = 0 in this case, the conformal Killing equation
becomes

∂µξν + ∂νξµ −
1

2
(∂ · ξ)ηµν = 0 . (11.5)

The solutions are given by

ξµ =

 xµ + ωµαx
α : Poincaré transformations,

εxµ : Dilatation transformations,
bα(x2ηµα − 2xµxα) : Special conformal transformations

(11.6)

where ωµα is antisymmetric in µ and α, i.e., it is traceless, ωµµ = 0. ε and bα are
an arbitrary constant and a vector, respectively. The solutions (11.6) show that
the conformal isometry includes not only the ordinary isometry, represented by
the Poincaré transformations. The dilatation solution ξµ = εxµ can easily be
checked by the relations ∂µξν + ∂νξµ = 2εηµν and (∂ · ξ) = ε∂µx

µ = 4ε. For the
special conformal transformation ξµ = bα(x2ηµα − 2xµxα), we have

∂µξν = bα(2xµηνα − 2ηµνxα − 2ηµαxν) ,

∂νξµ = bα(2xνηµα − 2ηµνxα − 2ηναxµ) , (11.7)

∂ · ξ = bα(2xα − 8xα − 2xα) = −8bαxα .

From these, we can easily check that the special conformal transformation is
also a solution of the conformal Killing equation (11.5).
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We now define the inversion of the coordinate yµ = xµ

x2 . A variation of

xµ = yµ

y2 under an infinitesimal transformation of yµ → yµ + bµ is evaluated as

x′µ =
(y + b)µ

(y + b)2
' yµ + bµ

y2 + 2y · b
' yµ

y2
+
bµ

y2
− yµ

y2

2y · b
y2

= xµ + bα(x2ηαµ − 2xµxα) . (11.8)

Thus the special conformal transformation can be understood from a linear
transformation of the inverse coordinate.

As discussed in the previous chapter, isometries of the Minkowski space are
given by the Poincaré group. In other words, any theory built on the Minkowski
space must be some representations of Poincaré group. Similarly, we can de-
fine conformal theories by choosing representations for the full set of conformal
transformations. We shall consider examples of such theories in the rest of this
chapter.

11.2 Conformal theories

A typical example is given by a theory of photons, i.e., Maxwell’s theory of
electromagnetism.

Action for Maxwell’s theory

It is well known that on a flat space the action for Maxwell’s theory is given
by

S = −1

4

∫
d4xFµνF

µν =
1

2

∫
d4x

(
E2 −B2

)
(11.9)

where Fµν = ∂µAν − ∂νAµ is the field strength tensor, with Aµ = (A0, Ai) =

(φ, ~A) (i = 1, 2, 3). Here φ is the electric scalar potential and ~A denotes the
magnetic vector potential. In terms of Fµν , the electric and magnetic fields are
defined by Ei = F0i and Fij = εijkBk, respectively.

On a curved space, the action can be written as

S = −1

4

∫ √
−g d4xFµνFαβg

µαgνβ . (11.10)

As discussed in the beginning of Chapter 9, according to the strong statement of
the equivalence principle, a curved-space action can be obtained from the flat-
space counterpart simply by replacing the ordinary derivative with the covariant
derivative. Notice that the field strength is invariant under this prescription;
∇µAν −∇νAµ = ∂µAν − ∂νAµ = Fµν as the symmetric covariant derivative is
defined by ∇µAν = ∂µAν − ΓβµνAβ . With the contraction of indices by gµν and

the insertion of
√
−g =

√
−detg, the above action therefore satisfies the strong

equivalence principle.
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The strong equivalence principle is generally wrong for particles with spins.
The weak equivalence principle, on the other hand, allows us to add terms like∫ √
−gd4xRαµνβFµνF γβgαγ to the classical action (11.10). As mentioned ear-

lier, R-involved terms are generally small and we can neglect them in practice.
(Remember that the Riemannian curvature is relevant to a tidal force which is
generally small in nature.) Now, neglecting such terms, we find that the action
(11.10) is conformally invariant for any spacetime. This can easily be checked
with the transformations

gµν −→ eΩgµν , gµν −→ e−Ωgµν ,

g = detg −→ e4Ωg ,
√
−g −→ e2Ω√−g . (11.11)

The conformal invariance of Maxwell’s equations was shown back in 1909 by
Bateman and Cunningham.

Scalar particle

Another example of conformal theories can be given by a theory of scalar
particles. On a curved space, an action for a massive scalar particle can be
written as

S =
1

2

∫
∇µφ∇µφ gµν

√
−g d4x− m2

2

∫
φ2√−g d4x (11.12)

where φ denotes the scalar wavefunction. This action is not conformally invari-
ant in general spacetime due to the ∇µ derivative.

For the Minkowski space, the action reduces to

S =
1

2

∫
∂µφ∂νφ η

µν √−η d4x− m2

2

∫
φ2√−η d4x . (11.13)

We now consider the transformation of metric (11.11). Under the choice of

φ −→ e−
1
2 Ωφ , (11.14)

the action is conformally invariant for m = 0. This means that massless scalar
theory in four dimensions is conformally invariant in the Minkowski space. No-
tice that there is a possibility to put terms like −

∫ R
6 φ

2√−gd4x in the action
if we take account of fluctuations from the flat space.

Four-dimensional conformal algebra

As in the case of Poincaré algebra (10.23), the algebra of conformal symmetry
is given in terms of the generators of conformal transformations (11.6). These
generators are given by

Pµ = −i∂µ : translation,
Mµν = xµPν − xνPµ : Lorentz transformation,
D = −ixµ∂µ : dilatation,
Kµ = −i(2xµxν∂ν − x2∂µ) : special conformal transformation.

(11.15)
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The conformal algebra is then formed by the combination of Poincaré algebra
(10.23) and the following relations

[D,Pµ] = iPµ ,

[D,Kµ] = −iKµ ,

[Kµ, Pν ] = i2(ηµνD +Mµν) ,

[Mµν ,Kα] = i(ηµαKν − ηµαKµ) . (11.16)

The number of independent generators is 15. This is the same as the dimension
of the SO(6) algebra. In fact, it is known that the four-dimensional conformal
algebra can be regarded as the six-dimensional Lorentz algebra, or the SO(1, 5)
algebra.

For the free theory of massless scalar particles in four dimensions, the two-
point correlation function is given by

〈φ(x)φ(y)〉 ∼ 1

(x− y)2
. (11.17)

This is a long-range correlation. It is known that the second order phase tran-
sition is characterized by a long-range correlation. Thus this observation illus-
trates the statement:

Physics at the second order transitions (or at the critical points) are
described by conformally invariant theories.

In other words, types of critical points are classified by representations of con-
formal transformations (plus some other extra operators). This scheme works
exactly in two dimensions. All critical points in two dimensions have been classi-
fied in 1980s. Two-dimensional conformal theory has also been developed along
with the attentive study of string theory. In the next section we shall consider
the two-dimensional case in some detail.

11.3 Two-dimensional conformal transformations

For the two-dimensional plane, the metric is given by gµν = δµν (µ, ν = 1, 2).
The conformal Killing equation becomes

∂µξν + ∂νξµ − (∂ · ξ)δµν = 0 (11.18)

which reduces to the set of equations:

∂1ξ1 − ∂2ξ2 = 0 ,

∂1ξ2 + ∂2ξ1 = 0 . (11.19)

An easy way to solve this is to use complex variables. We now set

ξ1 + iξ2 = f , ξ1 − iξ2 = f̄ ,
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x1 + ix2 = z , x1 − ix2 = z̄ ,

∂z̄ =
∂1 + i∂2

2
, ∂z =

∂1 − i∂2

2
. (11.20)

Then the equations (11.19) are expressed by

∂z̄f = 0 . (11.21)

The general solution is given by f = f(z). Namely, f is an analytic function of
z. Taking singularities at z = 0,∞, we can write down the Laurent expansion

f(z) =

∞∑
n=−∞

−εn zn+1 (11.22)

where εn are expansion coefficients. Notice that if f has no singularity, the
solution is given by f = constant.

The conformal transformation xi → xi + ξi is realized by

z → z + f(z) . (11.23)

The generator of the conformal transformation corresponding to the parameter
εn is then given by

ln = −zn+1∂z . (11.24)

The generator satisfies the commutation relation

[lm, ln] = (m− n)lm+n . (11.25)

This is called the classical Virasoro algebra or the Witt algebra. The central
extension of the Witt algebra is generally expressed as

[Lm, Ln] = (m− n)Lm+n + cm,n (11.26)

where cm,n denotes a c-number that commutes with all the operators. From
the definition, we find cm,n = −cn,m. From the Jacobi identity [[Ll, Lm], Ln] +
[[Lm, Ln], Ll] + [[Ln, Ll], Lm] = 0, we also find

(l −m)cl+m,n + (m− n)cm+n,l + (n− l)cn+l,m = 0 . (11.27)

There is arbitrariness in the choice of cm,n. Namely, the central extension (11.26)
allows the transformations{

Lm −→ L′m = Lm + cm ,
cm,n −→ c′m,n = cm,n − (m− n)cm+n

(11.28)

where cm is a c-number. In other words, we can define the values of cm,n in
an arbitrary way such that they are absorbed into the transformations (11.28).
We can thus fix certain values of cm,n without losing generality. Conventionally,
these are chosen by cm,0 = 0 (m 6= 0) and c1,−1 = 0. (This choice is suitable to
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express a set of quantum corrections to the conformal generators.) With l = 0,
(11.27) becomes (m + n)cm,n = (n − m)cm+n,0, meaning that cm,n vanishes
unless m+ n = 0. Further, with l = −n+ 1 and m = −1, (11.27) becomes

cm,−m =
(m+ 1)

(m− 2)
cm−1,−(m−1) (11.29)

where we use c1,−1 = 0 and c−m,m = −cm,−m. Then we find

cm,n =
(m+ 1)m(m− 1)

3!
c2,−2δm+n,0 . (11.30)

An explicit form of the central extension (11.27) is given by

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0 (11.31)

where we define c =
c2,−2

2 . c is called the central charge or the conformal
anomaly. The commutation relation (11.31) defines the algebra of conformal
transformations in two dimensions, which is called the Virasoro algebra.

Unitary irreducible representations of the Virasoro algebra

Unitary irreducible representations of the Virasoro algebra define conformal
theories in two dimensions. In other words, two-dimensional critical phenomena
can be categorized by unitary irreducible representations of the Virasoro algebra,
characterized by the value of central charge. For example, the Ising model
corresponds to the case of c = 1

2 , the so-called XXZ spin chain corresponds to
c = 1 and the bosonic string theory corresponds to c = 26.

Obviously, the study of two-dimensional conformal field theory is very rich
and profound. In the following, we shall briefly sketch how to construct unitary
irreducible representations of the Virasoro algebra.

Setting m = 0,±1 in (11.31), we find

[L1, L−1] = 2L0 , [L0, L1] = −L1 , [L0, L−1] = L−1 . (11.32)

These commutation relations form the SL(2,C) algebra. This is a closed alge-
bra. But, for higher m’s, we no longer obtain a closed algebra. For example, in
the case of m = 0,±1,±2, we have

[L2, L−2] = 4L0 +
c

2
, [L0, L2] = −2L2 , [L1, L2] = −L3 , · · · (11.33)

Thus for higher m’s there is no closed subalgebra and we need to include the
whole algebra.

Setting m = 0 in (11.31), we find

[L0, Ln] = −nLn . (11.34)
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This means that the action of Ln lowers the eigenvalue of L0 by n. We can
then construct a representation of the Virasoro algebra in terms of the highest
weight state |h〉 that satisfies the conditions

L0|h〉 = h|h〉 , Ln|h〉 = 0 (n ≥ 1) (11.35)

with normalization 〈h|h〉 = 1. All the other states can be obtained by actions
of L−m’s on |h〉:

L−1|h〉 ,
L−2|h〉 , L2

−1|h〉 ,
L−3|h〉 , L−2L−1|h〉 , L3

−1|h〉 ,
...

(11.36)

These form an infinite dimensional representation of the Virasoro algebra for an
arbitrary choice of m.

Notice that a quantum theory can be defined by a unitary irreducible rep-
resentation of the operator algebra, with each operator acting on a physical
Hilbert space. If the theory has scale invariance, the Hilbert space carries an
unitary irreducible representation of the L0 operator in terms of the Virasoro al-
gebra. This means that for a local field theory, which contains local interactions,
the scale invariance algebraically leads to the full conformal invariance.

Since L†−n = Ln, unitarity of the representation can be imposed by

〈h|LnL−n|h〉 = 〈h|
(

2nL0 +
c

12
(n3 − n)

)
|h〉

= 2nh+
c

12
n(n2 − 1) ≥ 0 (11.37)

where we use 〈h|h〉 = 1. For n = 1, this means h ≥ 0. Furthermore, for
sufficiently large n, we need to have c ≥ 0. The unitarity condition is therefore
given by

h ≥ 0 , c ≥ 0 . (11.38)

We now consider the states |α〉 = L2
−1|h〉 and |β〉 = L−2|h〉. These states

form a subspace in which the eigenvalue of L0 is h + 2. From the Virasoro
algebra, we find

M =

(
〈α|α〉 〈α|β〉
〈β|α〉 〈β|β〉

)
=

(
4h(1 + 2h) 6h

6h 4h+ c
2

)
. (11.39)

The eigenvalues of this matrix correspond to the norms of orthogonalized states,
i.e., orthogonal linear combinations of the two states |α〉, |β〉. For irreducible
representations, these norms should be non-negative. If there exists a zero-
norm state, a so-called null state, we have degenerate representations. In the
degenerate case, we can construct a finite-dimensional unitary irreducible rep-
resentation and a corresponding conformal theory is called a minimal model.
For irreducible representations, we thus need to require

detM = 4h
(

8h2 + (c− 5)h+
c

2

)
≥ 0 . (11.40)
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For the minimal model, detM = 0, we can specify h by the value of c:

h =
5− c±

√
(c− 1)(c− 25)

16
. (11.41)

The condition (11.40) restricts the value of h for a given c. Similar analyses
can be made for other cases where the eigenvalue of L0 is greater than h+2. For
c ≥ 1, any value of h ≥ 0 is allowed to obtain unitary irreducible representations.
For c < 1, however, it is known from these analyses that the unitary irreducible
representations appear only at a discrete set of c:

c = 1− 6

m(m+ 1)
(11.42)

where m = 2, 3, 4, · · · . In this case, h is parametrized by

hp,q =
((m+ 1)p−mq)2 − 1

4m(m+ 1)
(11.43)

where 1 ≤ p ≤ m − 1 and 1 ≤ q ≤ p. The values of c and hp,q characterize
the unitary irreducible representations of the Virasoro algebra and, hence, the
corresponding conformal theories in two dimensions.



Chapter 12

Geometric facets of Lie
groups

There are two points of view to the Lie group. One is algebraic and the other
is geometric. In this chapter, we shall focus on the latter perspective, mainly
dealing with compact and simply-connected Lie groups.

12.1 Elements of Lie groups

Definition of the group

Let {ai} be a set of elements for a groupG in general with i = 1, 2, · · · ,dimG.
The group G is then defined by the following axioms.

1. Closure under a composition law: ai · aj ∈ G

2. Existence of the identity element: ai · 1 = 1 · ai = ai

3. Associativity: ai · (aj · ak) = (ai · aj) · ak

4. Existence of the inverse element: ai · (a−1
i ) = 1 = (a−1

i ) · ai

G is called a finite group if the number of elements is finite, while it is called an
infinite group if it has ∞-number of elements.

Groups are generally split into two types; discrete and continuous. A typical
example of discrete groups is a set of integers under addition. The continuous
groups, on the other hand, are characterized by a continuous set of parame-
ters which label the elements of the groups. If such parameters further have
differentiable properties, the continuous groups become the Lie groups.
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Definition of the Lie group

Let g(θ) be an element of a Lie group G, g(θ) ∈ G. g(θ) depends on a
continuous set of parameters, θ’s. The number of such parameters defines the
dimension of the Lie group, dimG. The composition law is realized by

g(θ) · g(θ′) = g (β(θ, θ′)) . (12.1)

In terms of this expression, the Lie groups are defined by

1. β(θ, θ′) is an analytic function of θ and θ′.

2. There exists a particular parameter α such that g(θ) · g(α) = 1. The
parameter α is also an analytic function of θ, α = α(θ).

We now precede further to incorporate the notion of derivative. Let f(g)
be a function of the group elements g = g(θ). The derivative of f with respect
to θ is written as ∂f

∂θ = ∂f
∂g

∂g
∂θ . Thus, as a requirement of analyticity, we need

to define g(θ + dθ). For this purpose, let us consider g(θ)g(dθ) = g (β(θ, dθ)).
Expanding β(θ, dθ) in powers of dθ, we have

β(θ, dθ) ' β(θ, 0) +
∂β(θ, 0)

∂θ
dθ = θ +

∂β

∂θ
dθ (12.2)

where we set g(θ = 0) = 1. Suppose we have N parameters. Namely, the
parameters are labeled by θi with i = 1, 2, · · · , N . The expansion form (12.2)
can then be written as

βi ' θi +
∂βi

∂θk
dθk . (12.3)

Thus a proper shift of the parameter is given by

Eik ≡
∂βi

∂θk
. (12.4)

From these analyses, we find that a differential operator

Xi = (E−1)ki
∂

∂θk
(12.5)

generates an infinitesimal group composition on any function of the group ele-
ments. This is a key concept of Lie groups. The commutation relations of Xi’s
are calculated as

[Xi, Xj ] =

[
(E−1)ki

∂

∂θk
, (E−1)lj

∂

∂θl

]
=

[
(E−1)ki

∂(E−1)lj
∂θk

− (E−1)jk
∂(E−1)li
∂θk

]
∂

∂θl

=

[
(E−1)ki

∂(E−1)lj
∂θk

− (E−1)jk
∂(E−1)li
∂θk

]
Eml (E−1)nm

∂

∂θn︸ ︷︷ ︸
Xm
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≡ Cmij Xm (12.6)

where

Cmij = Eml

(
(E−1)ki

∂(E−1)lj
∂θk

− (E−1)kj
∂(E−1)li
∂θk

)
. (12.7)

Cmij is in general some function of θ’s.

Lie’s first theorem

Lie’s first theorem states that

For a Lie group, Cmij is constant, being independent of θ’s.

This means that one can evaluate Cmij by considering a small neighbourhood
around θ = 0. In other words, a global property of Lie groups can be obtained
from a local analysis. In this sense, Lie’s first theorem is analogous to Cauchy’s
theorem in complex analysis. The constant Cmij is called the structure constant.
A lot of analyses in Lie groups can be done by the expansion around the origin
at θ = 0.

Lie algebra

Algebras in general are defined by a set of elements {ta} which form a vector
space, i.e., {ta} ∈ V , αta + βtb ∈ V (α, β are some constants). For such
elements, we then consider a bracket operator, e.g., a Poisson bracket, {ta, tb} =
Ccabtc where Ccab is a constant. The bracket gives a mapping V × V → V .
Lie algebras are defined by two properties on this bracket: (i) antisymmetry
{ta, tb} = −{tb, ta} and (ii) the Jacobi identity {ta, {tb, tc}} + {tb, {tc, ta}} +
{tc, {ta, tb}} = 0. In terms of Ccab the Lie algebras are then defined by

Ccab + Ccba = 0 , (12.8)

CdabC
e
cd + CdbcC

e
ad + CdcaC

e
bd = 0 . (12.9)

Lie’s second theorem

Lie’s second theorem states that

The differential operators Xi = (E−1)ki
∂
∂θk

form (basis) elements of
a Lie algebra. For every Lie group G, there is an associated Lie
algebra G.

In other words, there exists a correspondence between the generators Xi and
the elements ta. The inverse of this statement is as follows.

Given any Lie algebra G, we can construct a Lie group G̃, with its
elements being g̃ = exp(itaθa), but G̃ is not unique. It is a simply-
connected version of G known as a covering group of G.
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Classification of Lie algebras

Based on the conditions (12.8) and (12.9), classification of all semisimple Lie
algebras has been made by Cartan and Killing. A list of classification symbols
and corresponding groups is shown below. All these groups are compact if the
parameters θ’s are taken to be real.

1. AN : Special unitary groups SU(N + 1)

2. BN : Special orthogonal groups SO(2N + 1)

3. CN : Symplectic groups Sp(2N)

4. DN : Special orthogonal groups SO(2N)

5. G2, F4, E6, E7, E8: Exceptional groups

where N = 1, 2, · · · . The dimension of each group (or associated algebra) is
given by the following table.

Type AN BN , CN DN G2 F4 E6 E7 E8

dim N(N + 2) N(2N + 1) N(2N − 1) 14 52 78 133 248

12.2 Geometric facets of Lie groups

In this section, we start geometric analyses of Lie groups. We first study the
case of the SU(2) group and then consider its generalization. Towards the end
of this section, we shall show that Lie groups in general can be interpreted as
Riemannian manifolds.

The SU(2) group

Elements of the SU(2) group are parametrized by 2 × 2 special unitary
matrices

u = eiH , detu = 1 (12.10)

whereH are 2×2 traceless hermitian matrices. Generally, H can be parametrized
by the Pauli matrices:

H =
σi
2
θi (12.11)

for i = 1, 2, 3. The SU(2) elements are then expressed as

g(θ) = u = exp
(
i
σi
2
θi
)
. (12.12)

This is the same as the expression in (1.38). A variation of u (in linear order)
can be calculated as

u+ du = exp
(
i
σk
2

(θk + dθk)
)
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= 1 + i
σk
2

(θk + dθk) +
i2

2!

σk
2

σl
2

(θk + dθk)(θl + dθl) + · · ·

= u+ i
σk
2
dθk +

i2

2!

(σk
2

σl
2

+
σl
2

σk
2

)
θkdθl + · · ·

= u+ i
σk
2
θk i

σl
2
dθl +

i2

2

[σl
2
,
σk
2

]
︸ ︷︷ ︸
iεlkm

σm
2

θkdθl + · · ·

= u+
(

1 + i
σk
2
θk
)[
i
σl
2
dθl − i

2
εlkm

σm
2
θkdθl

]
+ · · ·

≡ u+ iu
σm
2
Eml (θ)dθl (12.13)

where

Eml (θ) ' δml −
1

2
εlkmθ

k . (12.14)

Alternatively, we have

u−1du = i
σm
2
Eml (θ)dθl . (12.15)

Notice that Lie’s theorem guarantees the expansion of exp
(
iσk2 (θk + dθk)

)
and

its convergence.

The quantity Eml (θ) is necessary for the definition of derivatives. In fact,
from Eml (θ) we can obtain the corresponding Lie algebra; as discussed earlier,
this can be carried out by use of the differential operators Xi = (E−1)ki

∂
∂θk

.
Since u is represented by a 2× 2 matrix, we can parametrize it as

u = a1 + biσi =

(
a+ ib3 ib1 + b2
ib1 − b2 a− ib3

)
(12.16)

where a, bi (i = 1, 2, 3) are real. The condition detu = 1, or equivalently the
normalization u†u = 1 (with u† = a∗ − ibiσi) leads to

a2 + b21 + b22 + b23 = 1 . (12.17)

This means that the SU(2) group can be identified as the 3-dimensional sphere
S3. (In fact, as we shall see later, any Lie groups can be interpreted as Rie-
mannian manifolds. We can thus regard the relation SU(2) ' S3 as a simple
example of this interpretation.)

Using the parametrization (12.16), we can directly calculate the quantity
Eml (θ) in (12.14). Noticing a =

√
1− b · b, we find

du = da+ idb · σ = −b · db
a

+ idb · σ . (12.18)

In terms of these parameters, the quantity u−1du can then be calculated as

u−1du = (a− ib · σ)

[
−b · db

a
+ idb · σ

]
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= −bidbi + iadbiσi + i
bibj
a
dbjσi + dbibjσiσj

= iσi

[
adbi +

bibj
a
dbj + εijkdbjbk

]
≡ i

σi
2
Eik(a, b)dbk , (12.19)

Eik(a, b) = 2

(
aδik +

bibk
a

+ εijkbk

)
(12.20)

where we use the relation σiσj = δij + iεijkσk. The metric of the SU(2) group
is defined by the so-called Cartan-Killin metric. This is given by

ds2 = −2Tr(u−1duu−1du) . (12.21)

This metric has many isometries. One can show that a set of such isometries
form the SU(2) algebra. Using (12.19), we can express the Cartan-Killing metric
as

ds2 = −2Tr

(
i
σa

2

)(
i
σb

2

)
EaαE

b
β db

αdbβ

= EaαE
b
β db

αdbβ . (12.22)

This means that we can identify Eaα’s as frame fields for the SU(2) group con-
sidered as a Riemannian manifold.

Generalization

We can straightforwardly apply these results to a general case. Let g(θ) be
an element of a Lie group G. Then the generalization of the above results can
be expressed as

g−1dg = itaEaα(θ)dθα , (12.23)

ds2 = EaαE
b
βdθ

αdθβ (12.24)

where ta (a = 1, 2, · · · ,dimG) are the generators of the Lie group G, satisfying
the algebra G: [

ta, tb
]

= iCabctc (12.25)

with normalization Tr(tatb) = 1
2δ
ab. Cabc denote the structure constants of the

algebra. From (12.23) we can define the quantity

Aα ≡ g−1 ∂g

∂θα
= itaEaα . (12.26)

The derivative of Aβ with respect to θα is calculated as

∂

∂θα
Aβ =

(
−g−1 ∂g

∂θα
g−1

)
∂g

∂θβ
+ g−1 ∂2g

∂θα∂θβ
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= −AαAβ + g−1 ∂2g

∂θα∂θβ
(12.27)

where we use the relation ∂g−1

∂θα = −g−1 ∂g
∂θα g

−1 obtained from ∂
∂θα (gg−1) = 0.

Antisymmetrization of the derivative then leads to the identity

∂αAβ − ∂βAα + [Aα, Aβ ] = 0 . (12.28)

This is called the Mauer-Cartan identity. In terms of the frame fields, this
identity is written as

∂αE
a
β − ∂βEaα − CabcEbαEcβ = 0 . (12.29)

This is analogous to the torsion-free condition in its form. In what follows, we
shall further consider the analogy between the torsion-free condition and the
Mauer-Cartan identity.

The torsion T aµν is defined in (8.22). Its explicit form is given by

T aµν = ∂µe
a
ν − ∂νeaµ + ωabµ e

b
ν − ωabν ebµ (12.30)

where ωabµ ’s are the spin connections. On the other hand, the Mauer-Cartan
identity (12.29) can be rewritten as

∂αE
a
β − ∂βEaα −

1

2
Cabc

(
EbαE

c
β − EbβEcα

)
= 0 . (12.31)

Solutions of this, or interpretations of it in comparison with (12.30), can be
given by the following two cases.

Solution 1: Parallelizable manifolds

One solution is given by the choice of ωabµ = 0; namely, T aµν = ∂µe
a
ν − ∂νeaµ

from (12.30). In this case, the torsion corresponding to the frame fields Eaα’s
becomes T aαβ = ∂αE

a
β − ∂βEaα and from (12.31) we find

T aαβ = CabcEbαE
c
β . (12.32)

As introduced in (8.26), the Riemann curvature tensor Rabµν is defined by

Rabµν = ∂µω
ab
ν − ∂νωabµ + ωacµ ω

cb
ν − ωacν ωcbµ . (12.33)

Thus, in this case, the Lie group G can be interpreted as a general differential
manifold with zero curvature but non-zero torsion. Such manifolds are called
parallelizable. It is known that the only compact manifolds that are parallelizable
are compact Lie groups and S7.

Solution 2: Riemannian manifolds
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The other solution is given by T aµν = 0. In this case, from (12.31) we find
that the spin connection corresponding to the frame fields Eaα’s becomes

ωabα =
1

2
CabcEcα . (12.34)

The corresponding Riemann curvature tensor is then calculated as

Rabαβ = ∂αω
ab
β − ∂βωabα + ωacα ω

cb
β − ωacβ ωcbα

=
1

2
Cabc

(
∂αE

c
β − ∂βEcα

)︸ ︷︷ ︸
CcklEkαE

l
β

+
1

4

(
CackCcbl − CaclCcbk

)
EkαE

l
β

=

[
1

4
CabcCckl +

1

4

(
CabcCckl + CkacCcbl + CbkcCcal

)]
EkαE

l
β

=
1

4
CabcCcklEkαE

l
β (12.35)

where we use the Jacobi identity for the structure constants. From these, we find
that Lie group G can be interpreted as a differential manifold with zero torsion
but non-zero curvature. This manifold is nothing but a Riemannian manifold. It
is therefore suitable to consider Lie groups as Riemannian manifolds in general.
Their geometric quantities can be calculated from the frame field one-form g−1dg
in (12.23).

Metric on a coset space S2 = SU(2)/U(1)

Now back to the SU(2) example, one can write a general SU(2) element as

g =
1√

1 + zz̄

(
1 z
−z̄ 1

)(
eiθ/2 0

0 e−iθ/2

)
(12.36)

where z = x+ iy is a complex variable. For small θ, x and y, the matrix element
can be expressed as

g ≈
(

1 + iθ/2 x+ iy
−x+ iy 1− iθ/2

)
= 1 + i

θ

2
σ3 + ixσ2 + iyσ1 . (12.37)

We now consider the separation of variables, i.e., g(z, θ) = v(z)h(θ) with

v(z) =
1√

1 + zz̄

(
1 z
−z̄ 1

)
, h(θ) =

(
eiθ/2 0

0 e−iθ/2

)
. (12.38)

Normalization is chosen such that v†v = 1. The frame field one-form is then
calculated as

g−1dg = h−1(v−1dv)h+ h−1dh (12.39)

where

v−1dv =
1√

1 + zz̄

(
1 −z
z̄ 1

)
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·
[

1√
1 + zz̄

(
0 dz
−dz̄ 0

)
−
(

1 z
−z̄ 1

)
z̄dz + zdz̄

2(1 + zz̄)3/2

]
=

1

1 + zz̄

(
zdz̄ dz
−dz̄ z̄dz

)
− z̄dz + zdz̄

2(1 + zz̄)
1

=
1

1 + zz̄

(
(zdz̄ − z̄dz)/2 dz

−dz̄ −(zdz̄ − z̄dz)/2

)
=

σ1

2

dz − dz̄
1 + zz̄

+ i
σ2

2

dz + dz̄

1 + zz̄
+
σ3

2

zdz̄ − z̄dz
1 + zz̄

(12.40)

h−1(v−1dv)h =

(
(zdz̄ − z̄dz)/2 e−iθdz
−eiθdz̄ −(zdz̄ − z̄dz)/2

)
1

1 + zz̄

=
σ1

2

e−iθdz − eiθdz̄
1 + zz̄

+ i
σ2

2

e−iθdz + eiθdz̄

1 + zz̄
+
σ3

2

zdz̄ − z̄dz
1 + zz̄

(12.41)

h−1dh =

(
i
2dθ 0
0 − i

2dθ

)
= i

σ3

2
dθ . (12.42)

The Cartan-Killing metric can similarly be calculated as

ds2 = −2Tr(g−1dg g−1dg)

= −2Tr
[
(v−1dv)2 + 2v−1dvdhh−1 + (h−1dh)2

]
= −

(
dz − dz̄
1 + zz̄

)2

+

(
dz + dz̄

1 + zz̄

)2

−
(
zdz̄ − z̄dz

1 + zz̄

)2

− i2
(
zdz̄ − z̄dz

1 + zz̄

)
dθ + dθ2

= 4
dzdz̄

(1 + zz̄)2
−
(
zdz̄ − z̄dz

1 + zz̄
+ idθ

)2

(12.43)

where the first term corresponds to the standard metric for the two-sphere S2.
Notice that it can be obtained by the stereographic projection:

x1 =
z + z̄

1 + zz̄
, x2 = i

z − z̄
1 + zz̄

, x3 =
1− zz̄
1 + zz̄

(12.44)

for the parametrization of two-sphere, x2
1 + x2

2 + x2
3 = 1. The full SU(2) met-

ric (12.43) therefore makes the coset relation S2 = SU(2)/U(1) explicit. This
metric will be useful in the analysis of spontaneous braking of the SU(2) sym-
metry. In physics, this is relevant to the ferromagnetism and the dynamics of
spin waves. We shall discuss this phenomenon in connection with Goldstone’s
theorem later in Chapter 14.

12.3 Irreducible representations

In this section, we consider representations of the Lie group elements g ∈ G.
The group axioms introduced in the beginning of this chapter are satisfied by
invertible (or regular) matrices. In fact, there exists homomorphism between
elements of the group and a set of matrices.
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In (12.12) we have introduced a 2×2 matrix representation of SU(2) denoted
by g(θ) = exp

(
iσ

a

2 θ
a
)
. This is called the defining representation of SU(2). One

can construct higher dimensional representations out of g(θ). For example, we
can obtain a 4×4 reducible representation by use of block diagonalized matrices(

g1(θ) 0
0 g1(θ)

)(
g2(θ) 0

0 g2(θ)

)
=

(
g1g2 0

0 g1g2

)
. (12.45)

An irreducible representations can be defined by a representation which can not
be brought to a block-diagonal form by a similarity transformation. The simi-
larity transformation of the expression (12.45) is generally defined by

U†
(
g1(θ) 0

0 g1(θ)

)
U U†

(
g2(θ) 0

0 g2(θ)

)
U = U†

(
g1g2 0

0 g1g2

)
U .

(12.46)
where U denotes some fixed 4× 4 unitary matrix U .

Review of the tensor analysis

As discussed in Chapter 5 (for a particular case of the SU(3) algebra), ir-
reducible representations of a given Lie group/algebra can be constructed by
means of a tensor analysis. In the following, we briefly recapitulate the tensor
analysis for a general case. First of all, N ×N matrices defines linear transfor-
mations of a vector space V . Let φi be a basis of V , with i = 1, 2, · · ·N . The
transformations of φi can be expressed as

φ′i = gijφi (12.47)

where gij denotes the matrix representation of the group element of interest.
Similarly, can consider a rank 2 tensor Ψij ≡ φiχj , a set of basis elements
for the direct product space V ⊗ V (χi being the other basis of V ), and its
transformations

Ψ′ij = gikgjlΨkl ≡ Gij,klΨkl . (12.48)

Notice that the group composition rule g(1) · g(2) = g(3) is preserved for Gij,kl:

G
(1)
ij,klG

(2)
kl,mn = g

(1)
ik g

(2)
kmg

(1)
jl g

(2)
ln = g

(3)
img

(3)
jn = G

(3)
ij,mn . (12.49)

This shows that Gij,kl is a product representation of the two starting represen-
tations.

In general, the product representation is reducible, containing both symmet-
ric and antisymmetric parts. To obtain an irreducible representation out of the
product representation of arbitrary rank tensors, we need to apply the following
reduction rules.

1. Separate symmetric and antisymmetric indices. As shown in (5.21) and
(5.22), the symmetric and antisymmetric parts transform separately, re-
gardless of the structure of groups.
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2. There are invariant tensors for certain groups. One can use these to con-
tract with either symmetric or antisymmetric indices.

As discussed in Section 5.2, the invariant tensors of SU(3) are given by δij and
εijk where we distinguish the symmetric and antisymmetric indices by upper and
lower indices, respectively. For the SU(2) group, there are only one invariant
tensor and it is given by εij . The above tensor analysis for the construction of
irreducible representations is applicable to compact groups in general.

In fact, there is a theorem due to Weyl that states

1. For a compact group, all unitary irreducible representations are finite di-
mensional and can be obtained by taking tensor products of the defining
representation and suitably reducing them.

2. For a non-compact group, all finite-dimensional representations are non-
unitary and all unitary representations are ∞-dimensional.

As mentioned at the end of Section 12.1, all groups that appear in the Cartan-
Killing classification are compact if the parameters are taken to be real. A
typical example of a non-compact group is, on the other hand, given by a Lorentz
group.

Weyl’s theorem on the rank of a Lie algebra

The rank of a Lie algebra is defined by the maximum number of simulta-
neously diagonalizable matrices in gij of (12.47). For example, since the Pauli
matrices have only one diagonalizable matrix the rank of SU(2) is 1. Similarly,
that of SU(3) is 2 as the Gell-Mann matrices (1.49) have two diagonalizable
matrices.

Let ta be a basis of Lie algebra (a = 1, 2, · · · ,dimG) in a matrix representa-
tion. In terms of ta, we can obtain a larger set of matrices {ta, tatb, tatbtc, · · · },
including t2 = δabtatb, etc. These can be reduced by use of the characteristic
equation (or the Cayley-Hamilton theorem) for each of ta’s. But in general these
form a different algebra from the original one since the products such as t2 do
not necessarily belong to the elements of the starting Lie algebra. The resulting
(larger) algebra is called the enveloping algebra. There are some elements of the
enveloping algebra which commute with every element of the Lie algebra These
are called the Casimir operators.

Weyl’s theorem states that the rank of a Lie algebra is equal to

1. the number of independent Casimir operators of the Lie algebra; and

2. the number of independent invariant tensors in the tensor analysis of the
Lie algebra.
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Casimir operators for SU(3)

The rank of SU(3) is 2. Thus there are two invariant tensors and correspond-
ing two Casimir operators. Such a tensor can be obtained from a trace over a
series of ta’s (a = 1, 2, · · · , 8) since the trace is invariant under the transforma-
tions ta → h−1tah with h ∈ G = SU(3). Notice that the general group element
g = exp(itaθa) transforms as g → h−1gh = exp(ih−1tahθa) here. Therefore the
trace

Tr(tatb) −→ Tr(h−1tahh−1tbh) = Tr(tatb) =
1

2
δab (12.50)

is invariant under the transformations of ta. The Casimir operator correspond-
ing to the invariant tensor δab is then given by δabtatb = t2. The other Casimir
operator can similarly be calculated from the symmetric trace Tr 1

2 t
a(tbtc +

tctb) ≡ dabc. The Casimir is then given by dabctatbtc. Notice that for SU(2) the
symmetric symbol dabc vanishes since we have (tbtc + tctb) = 1

2δ
bc1 for ta = σa

2 .
The Casimir operators of SU(N) (N > 3) can also be obtained in a similar
fashion by calculating higher order symmetric traces.

Applications to physical problems

The knowledge of unitary irreducible representation (UIR) is very important
in physics. Assume that a physical system has a symmetry governed by a Lie
group G. If the symmetry is not broken as time goes on, then the physical
states are classified by UIR’s of G. Thus the knowledge of UIR’s is crucial and
algebraic methods are useful in such a system.

On the other hand, if the symmetry is spontaneously broken, a coset space
G/H (H ⊂ G) becomes physically relevant. In this case, the knowledge of the
coset space, such as Riemannian metric on G/H, is important and geometric
methods become more useful than algebraic ones. We shall consider the physics
of spontaneous symmetry breaking in Chapter 14.



Chapter 13

Wigner D-functions and
related topics

13.1 Wigner D-functions

We first consider the adjoint representation of the SU(N) group. As in the
previous chapter, the group elements are written as g = exp(itaθa) where ta

are N × N traceless hermitian matrices (a = 1, 2, · · · , N2 − 1), satisfying the
normalization Tr(tatb) = 1

2δ
ab. Any N × N matrix Φ can be parametrized as

Φ = φata + φ01 where 1 is the N ×N identity matrix.

Adjoint representation

We now consider the matrix g−1tag. Since Tr(g−1tag) = Tr(ta) = 0, this
can be parametrized as

g−1tag = Dab(g)tb (13.1)

where Dab(g) denote coefficients of the expansion. From this parametrization,
we find

Dab(g1)Dbc(g2) = Dac(g3) (13.2)

for the composition of the group elements g1g2 = g3. Thus, interpreting Dab(g)
as a matrix element (a, b) of some matrix, we find that Dab(g) form a represen-
tation of the SU(N) group. This representation is called the adjoint represen-
tation.

An infinitesimal expansion of g is given by g = exp(itaθa) ≈ 1 + itaθa for a
small θa. Similarly, we can write Dab(g) ≈ δab + i(T c)abθc where (T c)ab denote
the elements of Lie algebra in the adjoint representation. Since the infinitesimal
expansion of (13.1) can be calculated as

(1− itbθb)ta(1 + itcθc) = ta + i[ta, tc]θc + · · ·

147
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≈ δabtb + i
(
−if cab

)
θctb , (13.3)

we find (T c)ab = −if cab. The adjoint representation of Lie algebra is therefore
given by the structure constants. Notice that the structure constants satisfy the
Jacobi identity, which guarantees that they do form a Lie algebra.

Clebsch-Gordan theorem

Matrix operators act on a set of states which form a vector space. A partic-
ular state is then labeled by an irreducible representation R of the group and
the vector space α. A product of such sates can be expressed as

|R,α〉 ⊗ |R′, β〉 =
∑
R′′,γ

CRR
′R′′

αβγ |R′′, γ〉 (13.4)

where CRR
′R′′

αβγ ’s are expansion coefficients, called the Clebsch-Gordan coeffi-
cients. The Clebsch-Gordan theorem states that these coefficients are com-
pletely determined by group properties.

Wigner D-functions

We now ask the following question. What is the a matrix representation
of the group element g = exp(itaθa) in some representation R? Let T a be an
element of G in the R-representation. Then such a matrix representation can
be expressed as

D(R)
αβ (g) =

[
ei(T

a)θa
]
αβ

= 〈R,α|eiT̂
aθa |R, β〉 (13.5)

where α, β label particular states in the R-representation. For fixed α and

β, D(R)
αβ (g) takes a value of complex number. We can thus consider (13.5) as

a complex valued function on the group G. This interpretation is important
because of the following theorem.

Peter-Weyl theorem

Any function f(g) on a compact Lie group G can be expanded in

terms of D(R)
αβ (g) where R labels a unitary irreducible representation

of G. Explicitly, the function is expressed as

f(g) =
∑
R

∑
α,β

b
(R)
αβ D

(R)
αβ (g) (13.6)

where b
(R)
αβ is a expansion coefficient.
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The simplest example is given by the U(1) group, g = eiθ with 0 ≤ θ ≤ 2π.
For arbitrary representations, the element can be parametrized as gn = einθ

with n = 0,±1,±2, · · · since it satisfies gn(θ = 0) = gn(θ = 2π). Thus, in
this case, the Peter-Weyl theorem says that any periodic function of θ can be
expanded as

f(θ) =

∞∑
n=−∞

bne
inθ . (13.7)

This is nothing but the Fourier expansion of f(θ). We can then regard the
Peter-Weyl expansion (13.6) as a group theoretic generalization of the Fourier
expansion (13.7). The existence of inverse Fourier formula then suggests that
we need to think of integration over the group element g.

Integration over group

As discussed in Chapter 12, the frame field one-form is defined by

g−1dg = itaEaαdθ
α . (13.8)

In terms of the frame fields Eaα the Cartan-Killing metric tensor is written as

gαβ = EaαE
a
β . (13.9)

See (12.21)-(12.24) for details on these expressions. Form (13.9), we easily find√
detg = detE. Thus the volume element over the Lie group G is given by

dV (g) = detE dθ1dθ2 · · · dθdimG . (13.10)

Now suppose we use gh instead of g for some fixed h ∈ G, i.e.,

(gh)−1d(gh) = itaE′aα dθ
α , (13.11)

dV (gh) = detE′ dθ1dθ2 · · · dθdimG . (13.12)

The left-hand side of (13.11) can be calculated as

h−1(g−1dg)h = h−1(itaEaαdθ
α)h = Dab(h)(itbEaαdθ

α) (13.13)

where we introduce the adjoint representation

h−1tah = Dab(h)tb . (13.14)

From (13.11) and (13.13), we find

E′bα = Dab(h)Eaα . (13.15)

Interpreting this as a matrix equation, E′αb = EαaDab(h), and taking the deter-
minants, we find

detE′ = detE detD(h) (13.16)
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where D(h) = exp(iT cθc). Remember that the matrix generator (T c)ab of G in
the adjoint representation is given by the structure constant, (T c)ab = −if cab.
Since it is antisymmetric in the indices, we have TrT c = 0. This means that
we always have detD(h) = 1 for the adjoint representation of any (compact and
simply-connected) Lie groups. We therefore obtain detE′ = detE and

dV (gh) = dV (g) . (13.17)

This is analogous to the translation invariance of the integral measure over real
variables, e.g., d(x+ h) = dx.

If we define another frame field by dg g−1 = itaẼaαθ
α, then we find Eaα =

Dba(g)Ẽbα. Thus, in a similar manner, we can show that the volume element
defined by dg g−1 is the same as dV (g) in (13.10). This means that the volume
element is the same for both right and left actions.

Orthogonality theorem

By use of the volume element dV (g) we can properly define integrals over the
group element g. For example, the orthogonality relation of Wigner D-functions
is given by∫

dV (g) D(R)∗
αβ (g)D(R′)

mn (g) =
1

(dimR)
δRR

′
δαmδβn . (13.18)

Also, the inversion formula of the Peter-Weyl theorem

f(g) =
∑
R,α,β

b
(R)
αβ D

(R)
αβ (g) (13.19)

is given by ∫
dV (g) D(R)∗

αβ (g) f(g) =
b
(R)
αβ

(dimR)
. (13.20)

13.2 Wigner-Eckart theorem

As an introduction, we consider a tensor operator of the form

〈R′, α|QA|R,m〉 = 〈R′, α|UU−1QAUU−1|R,m〉 (13.21)

where U = U(θ) is an element of some symmetry group G (with a group pa-
rameter being θ) and QA is some physical operator. For example, consider
the coordinate operator QA = xA under rotations, U(θ) = exp(iLAθA) where
LA = εABCxBpC is the angular momentum operator. The symmetry group is
then given by SO(3). In this case, the quantity U−1QAU can be calculated as

U−1(θ)xAU(θ) = e−iL·θ xA eiL·θ = DAB(θ)xB (13.22)
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whereDAB(θ) is an element of SO(3) in the adjoint representation, i.e., DAB(θ) =
exp

[
i(TC)ABθC

]
where (TC)AB = −iεABC . One can check this relation for

small θ:

U−1(θ)xAU(θ) ≈ (1− iLBθB)xA(1 + iLCθC)

≈ xA − i[LB , XA]θB

= xA + εBACxCθB

=
(
δAB + i(−iεABC)θC

)
xB

=
(
1 + iTCθC

)AB
xB (13.23)

where we use the relation [LA, xB ] = iεABCxC .

This example illustrates that QA’s form a tensor operator that transforms as
a representation of the symmetry group G. Let the representation of interests,
not necessarily the adjoint one, be R. Then, using the Wigner D-function in
(13.5), we can express the generalization of (13.22) as

U−1(θ)QA U(θ) = D(R)
AB(θ)QB (13.24)

where we write the D-function as D(R)
AB(θ) rather than D(R)

AB(g) to show the
dependence on θ explicitly.

In what follows, we look for an expression of (13.21) in terms of the Wigner
D-functions. We first notice the relation

U−1(θ)|R,m〉 =
∑
n

D(R)
mn(θ)|R,n〉 . (13.25)

Taking the complex conjugate of this, we also find

〈R′, α|U(θ) =
∑
β

〈R′, β|D(R′)∗
αβ (θ) . (13.26)

From (13.24)-(13.26), we then find

(13.21) = D(R′)∗
αβ (θ)D(R)

mn(θ)D(R′′)
AB (θ)〈R′, β|QB |R,n〉 . (13.27)

Since this holds for all θ’s, we can rewrite it as

(13.21) =

∫
dV (g)

D(R′)∗
αβ (g)D(R)

mn(g)D(R′′)
AB (g)

(volume of G)
〈R′, β|QB |R,n〉 .

Remember that the Wigner D-functions are written as

D(R′′)
AB (g) = 〈R′′, A|ĝ|R′′, B〉 ,
D(R)
mn(g) = 〈R,m|ĝ|R,n〉 . (13.28)
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From the Clebsch-Gordan theorem in (13.4), we also have

|R′′, B〉 ⊗ |R,n〉 =
∑
R̃,λ

CR
′′RR̃

Bnλ |R̃, λ〉 , (13.29)

〈R′′, A| ⊗ 〈R,m| =
∑
R̃,σ

CR
′′RR̃

Amσ

∗
〈R̃, σ| (13.30)

where CR
′′RR̃

Bnλ and CR
′′RR̃

Amσ are the corresponding Clebsch-Gordan coefficients;

CR
′′RR̃

Amσ

∗
is the complex conjugate of CR

′′RR̃
Amσ . Using (13.28)-(13.30), we find

D(R′′)
AB (g)D(R)

mn(g) =
∑
R̃,λ,σ

CR
′′RR̃

Bnλ CR
′′RR̃

Amσ

∗
〈R̃, σ|ĝ|R̃, λ〉︸ ︷︷ ︸
D(R̃)
σλ (g)

(13.31)

where we use the same R̃ for the irreducible representations of the states be-
cause the same operator ĝ acts on these states. From the orthogonality relation
(13.18), we then find that

(13.28) =
∑
R̃,λ,σ

CR
′′RR̃

Bnλ CR
′′RR̃

Amσ

∗ δασδβλδ
R′R̃

(dimR′)(volume of G)
〈R′, β|QB |R,n〉

= CR
′′RR′

Amα

∗
[
CR

′′RR′

Bnβ 〈R′, β|QB |R,n〉
(dimR′)(volume of G)

]
︸ ︷︷ ︸

≡〈R′||QR′′ ||R〉

(13.32)

where 〈R′||QR′′ ||R〉 is called the reduced matrix. Notice that the reduced matrix
is independent of the starting states |R′, α〉, |R,m〉. In terms of it the resultant
form is given by

〈R′, α|QA|R,m〉 = CR
′RR′′

αmA 〈R′||QR
′′
||R〉 (13.33)

where we use CR
′′RR′

Amα

∗
= CR

′′R′R
Aαm . This expression is known as Wigner-Eckart

theorem. This is useful in physics. In the following section, we shall consider
some of its applications.

13.3 Wigner-Eckart type applications

In this section, we consider the following three applications of the Wigner-Eckart
theorem.

1. Selection rules for absorption and emission of radiation

2. Hadron spectroscopy

3. Case-Gasiorowicz-Weinberg-Witten theorem
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13.3.1 Selection rules for absorption and emission of radi-
ation

As discussed in Chapter 2, the Hamiltonian of hydrogen atoms is given by

H0 =
p2

2m
− e2

r
. (13.34)

See (2.1) for notations. Since this is spherically symmetric, we have[
LA, H

]
= 0 (13.35)

where, as defined earlier, LA denotes the angular momentum operator. Let Eα
be the energy eigenvalue of the eigenstate |α〉, i.e., H|α〉 = Eα|α〉. From (13.35),
we find LAH|α〉 = HLA|α〉 = EαL

A|α〉. This means that LA|α〉 has the same

energy as |α〉. Moreover, we can easily infer that rotation of the state eiL
AθA |α〉

has the same energy as |α〉. In other words, energy levels can be grouped into
multiplets which form representations of the angular momentum.

Suppose that |α〉 belongs to some irreducible representation R and |β〉 =
eiL·θ|α〉 for some θ. Then we have 〈β|eiL·θ|α〉 = 〈α|e−iL·θeiL·θ|α〉 = 1. This
relation holds for |β〉 ∈ R, otherwise group properties would not hold be-
tween the elements e−iL·θ and eiL·θ. On the other hand, if |β〉 6∈ R, we have
〈β|eiL·θ|α〉 = 0. Therefore degenerate states are given by irreducible represen-
tations of the rotation group. Notice that details of this point are discussed in
chapter 1.

We now introduce an interaction term in the Hamiltonian:

H = H0 + e ~E · ~x (13.36)

where ~E denotes the electric field. The interaction term is given in the dipole
approximation since xA transforms as a spin l = 1 tensor operator. Physical
states are labeled by |l,m〉 where m is the ordinary magnetic quantum number.
By use of the Wigner-Eckart theorem (13.33), a matrix element of interest is
then expressed as

〈l,m|xA|l′,m′〉 = C1ll′

Amm′〈l||x(1)||l′〉 (13.37)

where x(1) denotes that xA transforms as a l = 1 tensor. The l-part of the
Clebsch-Gordan coefficient leads to the selection rules for ∆l = l − l′:

∆l = 0,±1 and ∆l = 0 (but l = 0 6↔ 0) (13.38)

The m-part of C1ll′

Amm′ can similarly be evaluated. Since the magnetic quantum
number of xA (A = 1, 2, 3) corresponds to 0,±1, the selection rules for ∆m =
m−m′ become

∆m = 0,±1 . (13.39)
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These selection rules (13.38) and (13.39) are the usual ones for radiation tran-
sitions in the hydrogen-like atoms. In the electric dipole approximation, cor-
relation between polarizations and intensions of spectral lines are given by the
Clebsch-Gordan coefficient C1ll′

Amm′ in (13.37).

The next order correction can be considered by introducing the quadrupole
coupling ∂AEB

(
xAxB − 1

3δ
ABx2

)
. In this case the Clebsch-Gordan coefficient

of interest becomes C2ll′

(AB)mm′ and the corresponding selection rules are given
by

∆l = 0,±1,±2 (but l = 0 6↔ 0, 1 and l = 1
2 6↔

1
2 ),

∆m = 0,±1,±2.
(13.40)

The above examples illustrate the usefulness of the Wigner-Eckart theorem in
the study of spectroscopy. In many cases the theorem provides a formal answer
to a problem of spectroscopy.

13.3.2 Hadron spectroscopy

We have already discussed the spectroscopy of hadrons in Chapter 5. In what
follows, we shall make a brief review of it in connection with the Wigner-Eckart
theorem.

Hadrons are strongly interacting particles and they are categorized into
mesons and baryons. Underlying dynamics of hadrons is governed by quantum
chromodynamics (QCD) and is calculable only in perturbative region of the
theory. Low energy mesons and baryons consist of three light quarks (u, d, s).
Our strategy is to use group theory for the analysis of meson/baryon multiplets,
masses and interactions.

In making such an analysis, we should notice that there is a hierarchy of
strength among interactions:

I. strong interaction � II. mass effect � III. interaction with W±, Z,A︸ ︷︷ ︸
weak interaction

(13.41)
where W±, Z denote weak bosons and A denotes gluons. Symmetries of QCD
are good at strong level I, somewhat broken at level II, and further broken
at level III. At level I, strong forces treat all three quarks (u, d, s) identi-
cally. This means that there are unitary transformations among (u, d, s) states,
(u′, d′, s′)T = g(u, d, s)T where g is a 3 × 3 matrix element of the U(3) group.
Any U(3) matrix element can be written as g = eiθg̃ where detg̃ = 1 and the
phase factor eiθ corresponds to the U(1) factor of U(3) = U(1)× SU(3). Thus
|q〉 = (u′, d′, s′)T transforms as the 3 representation of the SU(3) group (See
Section 5.2 on irreducible representations of SU(3).) In other words, mesons
and baryons fall into degenerate multiplets which are irreducible representations
of SU(3). Notice that we do not know the details of QCD dynamics but the
symmetry of it, and we shall utilize this fact to consider spectroscopy of hadrons
at level II of interactions.
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Mesons are made of a pair of quark and antiquark. Thus, as discussed in
(5.35), there exist octet and singlet mesons because of the following relation

3⊗ 3∗ = 1⊕ 8 . (13.42)

Typical examples for these multiplets are listed in Table 5.2. The basic energy
scale for strong interaction is about 1 GeV. This scale is also called the QCD
scale. The masses of octet mesons can be regarded as identical in the QCD
scale. One can in fact expect many other octet mesons up to about 2 GeV.
Above that energy scale, the mesons decay and the world is described by the
so-called quark-gluon plasma.

Similarly, multiplets of baryons which are bound states of three quarks can
be found from

3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10 . (13.43)

Examples of octet and decuplet baryons are given in (5.3) and (5.4).

Now we consider the mass effects. As discussed in Section 5.3, the mass
matrix can be written as 〈q|m|q〉 = diag(mu,md,ms) ≈ diag(mu,mu,mu + ∆)
at this level where |q〉 = (u, d, s)T and mu ≈ md � ms with ∆ ≡ ms − mu.
The general mass operator M for mesons and baryons can then be written as
M = M01 +Ma where Ma transforms as generators of SU(3). Using the Gell-
Mann matrices λa (a = 1, 2, · · · , 8) in (1.49), we find c1−

√
3c λ8 = diag(0, 0, 3c)

where c is a constant and 1 is the 3 × 3 identity matrix. Thus we can specify
the index a of Ma to a = 8.

To illustrate a Wigner-Eckart type application, we here consider the mass
matrix for the octet baryons. The mass matrix is expressed as

Mbc ≡ 〈8, b|M |8, c〉 = M0 δbc + 〈8, b|Ma|8, c〉 ,
〈8, b|Ma|8, c〉 = 〈8, b|M8|8, c〉 = C888

8bc 〈8||M8||8〉︸ ︷︷ ︸
reduced matrix

(13.44)

where indices b, c transform as the octet/adjoint representation 8 and C888
8bc

denotes the Clebsch-Gordan coefficient. By use of the tensor analysis, we find

8⊗ 8 = 1⊕ 8⊕ 8⊕ 10⊕ 10∗ ⊕ 27 . (13.45)

Using this result, the Clebsch-Gordan coefficients can be defined by

|8, b〉 ⊗ |8, c〉 = C188
0bc |1, 0〉+ C888

abc |8, a〉+ C̃888
abc |8, a〉+ C10 8 8

αbc |10, α〉
+ C̃10 8 8

αbc |10, α〉 + C27 8 8
Abc |27, A〉 . (13.46)

In this way, one can determine C888
8bc and the mass formulae among octet baryons

(13.45) can be obtained. This method is powerful and general, however, there
exists an easier way to compute the coefficients C888

abc . The coefficients are
constant, which literally means that they are invariant under the group trans-
formations. Thus these can be parametrized by the Casimir invariants of the
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SU(3) algebra. For the rank-3 tensors (in terms of the group indices), these
invariants are given by the trace

Tr(λaλbλc) = Trλa
[
λb, λc

]
2

+ Trλa
{
λb, λc

}
2

= i2fabc + 2dabc (13.47)

where fabc and dabc are the structure constants and the totally symmetric sym-
bols of SU(3), respectively. Notice that the trace is invariant under λa →
g̃λag̃−1 where g̃ is the 3 × 3 matrix element of SU(3). In terms of the ad-
joint representation Dak(g̃)λk = λa → g̃λag̃−1, the trace is also written as
DakDblDcmTr(λkλlλm) = Tr(λaλbλc). The mass formula (13.44) for the octet
baryons is then expressed as

Mbc = Aδbc +Bf8
bc + Cd8

bc (13.48)

where A, B and C are constant. From this formula, we can recover the relations
in (5.46) and (5.47).

For decuplet baryons we can similarly construct mass formulae by consid-
ering the mass matrix 〈10, α|M8|10, β〉. These analyses can also be applicable
to interactions between mesons and baryons. Consider 2-1 scattering processes
B + M → B where B and M denote octet baryons and octet mesons, re-
spectively. From the above argument, we find that the scattering amplitudes
〈B|M |B〉 can be given by 〈8, b|Ma|8, c〉 ∼ C888

abc which is parametrized by fabc
and dabc. Thus an interaction Lagrangian can be written down as

Lint = λ1B̄
bBcMafabc + λ2B̄

bBcMadabc . (13.49)

Notice that there are a lot of BM interactions, 83 = 512 in principle, but the
above terms are encoded only by two parameters (λ1, λ2). For example, the
first term describes interactions among (p, n, π) for one choice of (λ1, λ2) and
(Σ,Λ,K) for another. In this sense, the Wigner-Eckart type theorem (13.44) is
a powerful and generic tool in the study of hadron dynamics.

13.3.3 Case-Gasiorowicz-Weinberg-Witten theorem

The Case-Gasiorowicz-Weinberg-Witten (CGWW) theorem consists of two state-
ments:

1. There are no massless electrically charged particles of spin > 1
2 .

2. There are no massless particles of spin > 1 which have a conserved energy-
momentum tensor.

A proof is as follows. Let pµ be a four-momentum of a massless particle,
pµ = (ω, ~p) with ω = p0 = |~p|. Let Jµ be a current operator. The charge



157

operator of the particle is given by

Q̂ =

∫
d3xJ0 . (13.50)

We now consider a matrix element of J0 between one-particle states |p〉 and
|p′〉, 〈p′|J0|p〉. At the limit of |p′〉 → |p〉, it becomes

lim
p′→p

〈p′|J0|p〉 =
Q

V
(13.51)

where V is the spacial volume and Q is the charge of the particle labeled by |p〉,
i.e., Q is the eigenvalue of Q̂ acting on the one-particle state |p〉. We have the
expression (13.51) such that it is consistent with the definition (13.50).

The matrix element of the four-vector current Jµ is then expressed as

lim
p′→p

〈p′|Jµ|p〉 = Q
pµ

ωV
. (13.52)

Since pµ and p′µ are light-like vectors, p · p = p′ · p′ = 0, we have

(p+ p′)2 = 2p · p′ = 2ωω′(1− cos θ) > 0 (13.53)

where θ is the angle between ~p and ~p′. This means that (p+ p′)µ is a time-like
vector, i.e., the time component dominates over the space components. One can
then find a frame where ~p + ~p′ = 0, corresponding to the choice of cos θ = −1.
Namely, we can take the center of momentum frame:

pµ = (ω, ~p) , pµ′ = (ω,−~p) . (13.54)

In this frame, the matrix element of Jµ is given by 〈 − ~p|Jµ|+ ~p〉.
Let Lp̂ be an angular momentum operator along the direction of ~p. Then,

by definition, we have

eiLp̂φ|+ ~p〉 = eisφ|+ ~p〉 , eiLp̂φ| − ~p〉 = e−isφ| − ~p〉 (13.55)

where s is the spin of the massless particle and φ denotes the angle of counter-
clockwise rotation around the axis of ~p. The eigenvalue of Lp̂ acting on | ± ~p〉
is given by ±s, which is known as the helicity of the massless particle. From
(13.55), we find

〈 − ~p| ~J |+ ~p〉 = 〈 − ~p| e−iLp̂φ eiLp̂φ ~J e−iLp̂φeiLp̂φ |+ ~p〉
= ei2sφ〈 − ~p| eiLp̂φ ~J e−iLp̂φ |+ ~p〉
= ei2sφDab(φ)〈 − ~p| Jb |+ ~p〉 (13.56)

where we use 〈 − ~p|e−iLp̂φ = 〈 − ~p|eisφ and the expression

eiLp̂φ Ja e−iLp̂φ = Dab(φ) Jb . (13.57)
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The indices a, b denote the spacial components of the current operator. The
matrix element 〈− ~p| ~J |+ ~p〉 vanishes unless ei2sφDab(φ) = δab at least for some

a, b. Since 〈 − ~p| ~J | + ~p〉 ∼ Q is not zero for charged particles, equation (13.56)
leads to the condition

e2isφDab(φ) = δab (13.58)

for charged massless particles. Notice that the D-function is an adjoint repre-
sentation of the SO(3) group (sub)elements that are projected onto the plane
perpendicular to the p̂ direction. Hence, it is an Abelian c-number, having the
value of e±iφ or 1. To satisfy the condition (13.58), we therefore need to impose
2s ≤ 1. This concludes the proof of the first statement.

The second part can analogously be proven by considering matrix elements
of the rank-2 energy-momentum tensor, 〈p′|Tµν |p〉. One can then show that the
spin of massless particles should satisfy 2s ≤ 2 in order for them to have non-
vanishing matrix elements. Since the value of matrix elements are in general
evaluated by the Clebsch-Goradan coefficients, these proofs can be seen as an
elementary application of the Wigner-Eckart theorem.

The CGWW theorem seems to violate the existence of massless spin-1 gluons
or massless spin-2 gravitons. But the theorem has rather stringent conditions
on this matter and the two particles are allowed to exist. For gravitons, they
do not have conserved energy-momentum tensor. Since gravitons transform
with a local frame, we can not define local energy-momentum density, i.e.,
∂µT

µν 6= 0. It is known that the conservation holds only for a pseudo-tensor
tµν , ∂µt

µν = 0. Corollary of this fact is the existence of massless spin- 3
2 gravitino

in a supergravity theory due to local supersymmetric invariance.

For gluons, they can have charges but there is no gauge-invariant notion
of charge. Namely, even if we can define a conserved current ∂µJ

µ = 0, it is
not possible to define a covariantly conserved current DµJ

µ = 0 where Dµ is a
covariant derivative. Thus for spin-1 gauge bosons we can not apply the CGWW
theorem. Notice that the same is true for gravitons since we can interpret them
as spin-2 gauge bosons.



Chapter 14

Spontaneous symmetry
breaking

14.1 Goldstone’s theorem

Let G be a symmetry of a Hamiltonian H, i.e., [Qa,H] = 0 where Qa is a
generator of the symmetry group G. The symmetry is called spontaneously
broken if the ground state |Ω〉 does not preserve the symmetry, i.e., Qa|Ω〉 6= |Ω〉.

Heisenberg ferromagnet

A typical example of spontaneous symmetry breaking is given by the Heisen-
berg ferromagnet. Its Hamiltonian is defined by

H = −
∑
ij

Jij ~Si · ~Sj (14.1)

where i, j denote lattice points, Jij ’s are interaction coefficients and ~Si = Sai
(a = 1, 2, 3) is a spin vector at the point i. Since the lattice indices are all
contracted, the Hamiltonian has full rotational symmetry. A rotational operator
can be expressed as

La =
∑
i

Sai (14.2)

which satisfies [
La, Sbi

]
= iεabcSci . (14.3)

Thus we can confirm the rotational symmetry

[La,H] = 0 . (14.4)
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On the other hand, the ground state |Ω〉 has net magnetization so that it is not
invariant under rotation, La|Ω〉 6= |Ω〉. In the following, we shall consider how
to implement such a ground state.

Let AM be some tensor operator for a symmetry group G which we take
to be a Lie group. In the present case, we are interested in the SO(3) group
and the group element is given by g = exp(iT aθa) where T a denotes an angular
momentum operator (a = 1, 2, 3). Suppose that the ground state is invariant
under G with no spontaneous symmetry breaking, eiT

aθa |Ω〉 = |Ω〉. Then the
expectation value of AM in the ground state becomes

〈Ω|AM |Ω〉 = 〈Ω|e−iT ·θAMeiT ·θ|Ω〉
= DMN (θ) 〈Ω|AN |Ω〉 (14.5)

where θ is arbitrary and, as discussed in the previous chapter, DMN (θ) denotes
the adjoint representation of G:

e−iT ·θAMe
iT ·θ = DMN (θ)AN . (14.6)

Since DMN (θ) 6= δMN for arbitrary θ, (14.5) leads to the relation 〈Ω|AM |Ω〉 = 0.
Namely, if the ground state (or the vacuum) is invariant under the symmetry
group G, then the vacuum expectation value of a tensor operator AM for G
vanishes. In other words, we have the condition

〈Ω|AM |Ω〉 6= 0 −→ eiT ·θ|Ω〉 6= |Ω〉 . (14.7)

In order to tell whether the symmetry is spontaneously broken or not, the
vacuum expectation value 〈Ω|AM |Ω〉 should be calculated. To carry out the
computation, we first need to find the ground state by minimizing the Hamil-
tonian.

Spontaneous breaking of U(1) symmetry

As an example of how to calculate 〈Ω|AM |Ω〉, we now consider a complex
scalar field φ(x) with a Hamiltonian

H =

∫
d3x

[
φ̇∗φ̇+ (∇φ)∗(∇φ) + λ(φ∗φ)2 + σφ∗φ

]
(14.8)

where φ̇ = ∂
∂tφ and λ > 0. If λ < 0, then H → −∞ at large φ and no grand

states exist in the theory. In other words, λ > 0 is necessary forH to be bounded
below. If σ is positive, every term in (14.8) is positive. In quantum mechanics,
H should be bounded below, otherwise we can not define a ground state and the
corresponding theory becomes disastrous. Notice that, as discussed in Chapter

2, the Hamiltonian of Hydrogen atoms H = ~p2

2m −
e2

r is not bounded below. For
short r, however, the value of |~p| goes up. Thus, quantum mechanically, we can
obtain a ground state in this case.
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Classically, a ground state of (14.8) is given by

φ̇ = 0 , ∇φ = 0 , φ = 0 . (14.9)

In quantum theory, however, finding a ground state is a complicated issue. Thus
our strategy is to find a quantum ground state such that expectation values
correspond to the classical ground-state values. In the present case, we require

〈Ω|φ̂|Ω〉 = 〈Ω| ˙̂φ|Ω〉 = 〈Ω|∇φ̂|Ω〉 = 0 (14.10)

where we denote the operators by putting a hat. Semi-classically, this require-
ment is fine but it is not exact. For instance, consider the expectation value

〈Ω|φ̂∗φ̂|Ω〉 = 〈Ω|φ̂∗|Ω〉〈Ω|φ̂∗|Ω〉
+
∑
K 6=Ω

〈Ω|φ̂∗|K〉〈K|φ̂|Ω〉︸ ︷︷ ︸
=O(~)

(14.11)

where the last term corresponds to contributions from off-diagonal elements;
semi-classically, these off-diagonal elements are negligible.

For σ < 0 (or for T < Tc if we use a parametrization σ = c(T − Tc), c > 0),
the Hamiltonian can be written as

H =

∫
d3x

[
|φ̇|2 + |∇φ|2 + λ

(
|φ|2 − |σ|

2λ

)2

− |σ|
4λ

]
. (14.12)

The minimum is then given by φ̇ = 0, ∇φ = 0 and |φ|2 = φ∗φ = |σ|
2λ . Namely,

for the minimum we have

φ =

√
|σ|
2λ
eiα (14.13)

where α is a constant phase factor. Quantum theoretically, this result is ex-
pressed as

〈Ω|φ̂|Ω〉 =

√
|σ|
2λ
eiα + O(~) . (14.14)

The Hamiltonian is symmetric under φ→ φeiθ where θ is a constant. Vari-
ation of φ under this U(1) transformation is given by

δφ = iθφ . (14.15)

The generator of this transformation for the Hamiltonian (14.12) can be defined
by

Q = i

∫
d3x (φπ − φ∗π∗) (14.16)

where π denotes the canonical momentum which is conjugate to φ. This can be
calculated as π = φ̇∗ and satisfies the commutation relation

[π(x), φ(y)] = −iδ(3)(x− y) . (14.17)
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In terms of Q we can then calculate δφ as δφ = iθ[Q,φ]. Alternatively, the U(1)
transformation of φ can be calculated as

eiθQφe−iθQ = φ+ iθ[Q,φ] + · · ·
= φ+ iθφ+ · · ·
= eiθφ . (14.18)

Notice that this is analogous to the expression (14.6). From (14.14) we can then
generally state that

〈Ω|φ̂|Ω〉 6= 0 −→ eiθQ|Ω〉 6= |Ω〉 . (14.19)

Thus the original U(1) symmetry of H (for σ < 0) is spontaneously broken.

Goldstone’s theorem

Goldstone’s theorem states that

If a continuous symmetry is spontaneously broken, there exist states
for which the energy ωp → 0 as the momentum |~p| → 0.

The states correspond to massless particles, the so-called Goldstone bosons, in
relativistic theories. The theorem also applies to non-relativistic phenomena in
which case the states correspond to field excitations, known as the Goldstone
modes.

The dynamics of Goldstone modes is derived purely by group theory. In
the following, we shall see this in the present example of complex scalar field.

Excitations of φ can be implemented as φ =
√
|σ|
2λ e

iα + η where η is a complex

scalar field, satisfying 〈Ω|η|Ω〉 = 0. In a slightly different way, we can also
parametrize φ as

φ(x) = eiχ(x)

(√
|σ|
2λ
eiα + ρ(x)

)
(14.20)

where χ, ρ are real scalar fields. With this parametrization φ is expressed as

φ ≈ φ0 + iχφ0 + ρ+ · · · (14.21)

where φ0 =
√
|σ|
2λ e

iα. Thus, up to linear order, we can also use the parametriza-

tion (14.20) with 〈Ω|χ|Ω〉 = 〈Ω|ρ|Ω〉 = 0. φ̇ and ∇φ are calculated as

φ̇ = eiχ [ρ̇+ iχ̇(φ0 + ρ)] , (14.22)

∇φ = eiχ [∇ρ+ i∇χ(φ0 + ρ)] . (14.23)

Using these, we can rewrite the Hamiltonian (14.12) as

H =

∫
d3x

[
ρ̇2 + χ̇2(φ0 + ρ)2 + (∇ρ)2 + (∇χ)2(φ0 + ρ)2
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+ λ

(
(φ0 + ρ)(φ∗0 + ρ)− |σ|

2

2λ

)
− |σ|

2

4λ

]

=

∫
d3x

[
ρ̇2 + (∇ρ)2 +m2ρ2 + φ∗0φ0(χ̇2 + (∇χ)2)

]
+ (interaction terms) (14.24)

where m2 = λ(φ0 + φ∗0)2. We also neglect the constant term. From this expan-
sion, we find that ρ is a massive field of mass m and χ is a massless field. Notice
that the potential term is independent of χ and from its form we see that ρ is
not an excited field, while χ can be regarded as an excited mode, the Goldstone

mode, since there is a freedom to scale
√
|σ|
2λ . The emergence of χ is therefore a

natural consequence of the spontaneous symmetry breaking of U(1) symmetry
φ→ eiθφ as it has a non-zero vacuum expectation value.

Spontaneous breaking of O(N) symmetry

We now consider another example of spontaneous symmetry breaking. The
theory is defined by an N -dimensional real vector field φ = (φ1, φ2, · · · , φN )T

with a Hamiltonian

H =

∫
d3x

[
1

2
φ̇iφ̇i +

1

2
(∇φ)(∇φ) + λ(φiφi)

2 +
σ

2
(φiφi)

]
(14.25)

where i = 1, 2, · · · , N . Obviously, the Hamiltonian has a symmetry

φi −→ Rijφj (14.26)

where
RijRik = δjk . (14.27)

Namely, (RTR)jk = δjk = 1 where 1 is the N ×N identity matrix. This means
that R denotes an operator of O(N) symmetry.

As in the previous example, we need to require λ > 0 so that H is bounded
below. Thus there are two cases depending on the sign of σ:

1. For σ > 0, the ground state is given by φi = 0. The vacuum expecta-
tion value vanishes 〈Ω|φi|Ω〉 = 0 and no spontaneous symmetry breaking
occurs.

2. For σ < 0, the potential term is given by λ
(
φiφi − |σ|4λ

)
− |σ|

2

16λ . Classically,

the vacuum is given by φiφi = φ2
1 + φ2

2 + · · ·+ φ2
N = |σ|

4λ .

In the latter case, one possibility to the classical solution is given by

φ(0) ≡ 〈Ω|φ|Ω〉 =

(
0, · · · , 0,

√
|σ|
4λ

)T
. (14.28)
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In terms of the elements, this is written as φ
(0)
1 = φ

(0)
2 = · · · = φ

(0)
N−1 = 0

and φ
(0)
N =

√
|σ|
4λ . Notice that φ(0) is invariant under transformations of an

O(N − 1) subgroup of the full symmetry group O(N). Let H be the subgroup
of G, H ⊂ G, where H = O(N − 1) and G = O(N). H is called an isotropic
group or a little group of φ(0) The subgroup H is not broken. This can be seen
by considering the expectation value

〈Ω|h−1φih|Ω〉 = Rij(h)〈Ω|φj |Ω〉

= Rij(h)φ
(0)
j = φ

(0)
i = 〈Ω|φi|Ω〉 (14.29)

where h ∈ H. This relation leads to h|Ω〉 = |Ω〉. Thus the H subgroup is not
spontaneously broken.

Let TA be the elements of G = O(N) with A = 1, 2, · · · , N(N − 1)/2.
The rotational transformations are carried out by the action of operator R =
exp(iTAθA). The generators TA are split into ta ∈ H where a = 1, 2, · · · , (N −
1)(N −2)/2 and Sα ∈ G−H where α = 1, 2, · · · , N −1. In general, the number
of independent Sα’s is given by dimG − dimH. In terms of ta an infinitesimal

form of Rij(h)φ
(0)
j = φ

(0)
i is written as (1+ itaθa)ijφ

(0)
j = φ

(0)
i . This means that

actions of ta and Sα on φ(0) are given by

ta φ(0) = 0 , Sα φ(0) 6= 0 . (14.30)

In the following, we consider Goldstone’s theorem in terms of these generators.

Minimization of the Hamiltonian (14.25), which is necessary to obtain the
ground state, is given by ∂

∂φi
V (φiφi) = 0 where V (φiφi) denotes the potential

terms
V (φiφi) = λ(φiφi)

2 +
σ

2
(φiφi) . (14.31)

The O(N) symmetry transformations are written as

φi −→ φ′i = Rijφi ≈ (δij + iθATAij )φj . (14.32)

Namely, we have δφi = iθATAijφj infinitesimally. Invariance of V under the

symmetry can be expressed as δV = ∂V
∂φi

δφi = 0, i.e.,

iθA
∂V

∂φi
TAijφj = 0 . (14.33)

Taking a derivative of it with respect to φk, we then have

∂2V

∂φi∂φk
TAijφj +

∂V

∂φi
TAik = 0 . (14.34)

Now, setting all φ’s to be the solution of ∂V
∂φi

= 0, this leads to(
∂2V

∂φi∂φk

)
φ(0)

TAijφ
(0)
j = 0 . (14.35)
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Fluctuations around φ(0) can be analyzed by substituting φi = φ
(0)
i +ηi into

the Hamiltonian:

H =

∫
d3x

[
φ̇2 + (∇φ)2 + V (φiφi)

]
= η̇2 + (∇η)2 + V (φ

(0)
i φ

(0)
i )

+

(
∂V

∂φi

)
φ(0)︸ ︷︷ ︸

=0

ηi +
1

2

(
∂2V

∂φi∂φk

)
φ(0)︸ ︷︷ ︸

≡Mik

ηiηk + O(η3) . (14.36)

The eigenvalues of Mik give the masses or gaps of the η-modes. In terms of
Mik, the relation (14.35) is written as

Mki ξ
A
i = 0 (14.37)

where ξAi = TAijφ
(0)
j . Thus, from (14.30) we find

TA =

{
ta : taφ(0) = 0 → ξai = 0
Sα : Sαφ(0) 6= 0 → ξai 6= 0

(14.38)

The second case corresponds to a zero mode of M. To summarize, the result
can be stated as follows:

For every generator Sα which corresponds to the broken symmetry
(Sαφ(0) 6= 0), there is a zero mode (zero mass and zero gap) for η’s.

This is a general statement of Goldstone’s theorem since this holds for a gen-
eral symmetry group G and an isotropy group H. For the completion of this
statement, we need to show linear independence of ξα’s. If ξα’s are linearly
dependent, then there exists a non-null vector V α that satisfies ξαV α = 0. This
means that the matrix Nαβ = ξαi ξ

β
i obeys NαβV β = 0, i.e., detN = 0. Since

Nαβ is symmetric, it can be diagonalized by an orthogonal matrix. If any of
the diagonal elements vanishes, then we can have a larger isotropy subgroup for
the vacuum expectation value φ(0). Thus the condition detN = 0 is not allowed
and we can conclude the linear independence of ξα’s.

14.2 Dynamics of Goldstone bosons

To continue the above analysis, we first consider the O(N) theory

H =

∫
d3x

[
φ̇2 + (∇φ)2 + V (φiφi)

]
(14.39)

where the potential term is given by (14.31). Fluctuations around φ(0) in (14.14)
are parametrized as

φi = Rij(x)χj , (14.40)
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χ = (0, · · · , 0, v + ρ)T (14.41)

where v = φ
(0)
N =

√
|σ|
4λ and Rij(x) denotes a spacetime-dependent rotation

matrix. Since the isotropy group of φ(0) is O(N − 1), the fluctuation (14.40)
is invariant under O(N − 1)-part rotation of Rij . In other words, the number

of degrees of freedom in Rij is given by dim
[

O(N)
O(N−1)

]
= N − 1. Note that the

remaining freedom is encoded by ρ in the parametrization (14.41).

Form (14.40) we obtain

φ2 = φiφi = (v + ρ)2 (14.42)

φ̇ = Ṙχ+Rχ̇ = R(R−1Ṙχ+ χ̇) (14.43)

φ̇2 = φ̇iφ̇i = (R−1Ṙχ+ χ̇)i(R
−1Ṙχ+ χ̇)i

= (R−1Ṙ)ijχj(R
−1Ṙ)ikχk + χ̇i(R

−1Ṙ)ijχj + (R−1Ṙ)ijχjχ̇i + χ̇iχ̇i

= χTj (R−1Ṙ)Tji(R
−1Ṙ)ikχk + 2ρ̇(R−1Ṙ)NN (v + ρ) + ρ̇2

= −χT (R−1ṘR−1Ṙ)χ (14.44)

where we use the fact that R−1Ṙ is antisymmetric, i.e.,

(R−1Ṙ)T = ṘTR−1T = Ṙ−1R = −R−1Ṙ . (14.45)

Notice that (14.45) automatically leads to (R−1Ṙ)NN = 0. Substituting (14.40)
into (14.39), we can express the Hamiltonian as

H =

∫
d3x

[
1

2

[
ρ̇2 − χT (R−1ṘR−1Ṙ)χ+ (∇ρ)2 − χT (R−1∇RR−1∇R)χ

]
+ V ((v + ρ)2)

]
. (14.46)

The potential term depends on ρ and generally gives mass term or a gap for
this field. On the other hand, R has no gap and represents (N − 1) Goldstone
bosons. Dynamics of these bosons is given by

HR = −1

2

∫
d3xχT

[
R−1ṘR−1Ṙ+R−1∇RR−1∇R

]
χ . (14.47)

Since χ is parametrized by (14.41), it produces interaction terms between R and
ρ. At low energy E � mρ (mass or gap of ρ), one can neglect ρ and interaction
of ρ with Goldstone bosons. Effective low-energy dynamics of the Goldstone
bosons is then described by the effective Hamiltonian

Heff = −1

2
v2

∫
d3x

[
(R−1ṘR−1Ṙ)NN + (R−1∇RR−1∇R)NN

]
= −v

2

2

∫
d3xTr

[(
(R−1Ṙ)2 + (R−1∇R)2

)
W

]
(14.48)
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where R ∈ O(N) and

W =


0 · · · · · · 0
...

. . .
...

...
... · · · 0 0
0 · · · 0 1

 . (14.49)

Neglecting ρ-terms is classically true but it is not generally correct in quan-
tum mechanics. A nontrivial effect of ρ comes in at quantum level. For example,
we need to take account of ρ-field vacuum fluctuation in the case of [ρ, ρ̇] 6= 0.
Nevertheless, there is a theorem regarding the dynamics of Goldstone bosons:

The Heff in (14.48) is the low-energy effective Hamiltonian including
all quantum interactions.

Notice that the above mentioned quantum corrections can be taken care of by
redefining (or renormalizing) the vacuum value v.

The effective Hamiltonian Heff in (14.48) can be simplified as

Heff = −1

2
v2

∫
d3x

[
(R−1ṘR−1Ṙ)NN + (R−1∇RR−1∇R)NN

]
= −1

2
v2

∫
d3x

[
(R−1ṘR−1Ṙ)NN −∇(R−1∇R)NN + (R−1∇2R)NN

]
≈ −v

2

2

∫
d3xTr(R−1ṘR−1Ṙ)W (14.50)

where we neglect the term R−1∇2R ∼ ~k2 for the low energy theory. Let RN−1

be an (N − 1)× (N − 1) matrix element of the isotropy group H = O(N − 1).
In terms of RN−1 we can define an N ×N matrix element h ∈ H as

h =

 RN−1

0
...
0

0 · · · 0 1

 . (14.51)

Under the h-transformations, R→ R′ = Rh, we have

Ṙ′ = Ṙh+Rḣ = R(R−1Ṙh+ ḣ) , (14.52)

R′−1Ṙ′ = h−1R−1(Ṙh+Rḣ) = h−1R−1Ṙh+ h−1ḣ . (14.53)

Thus we can explicitly show the invariance of the Hamiltonian (14.50) under
the O(N − 1) rotation:

TrR′−1Ṙ′R′−1Ṙ′W = Trh−1R−1Ṙhh−1R−1ṘhW + Trh−1ḣh−1R−1ṘhW

+ Trh−1R−1Ṙhh−1ḣW + Trh−1ḣh−1ḣW
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= TrR−1ṘR−1ṘhWh−1 + Trh−1R−1ṘhWh−1ḣ

= TrR−1ṘR−1ṘW (14.54)

where we use ḣW = 0 and hWh−1 = W . The Hamiltonian (14.50) is then

written as Heff =
∫
ε(R)d3x where ε(R) = − v

2

2 TrR−1ṘR−1ṘW , satisfying
ε(R) = ε(Rh). Suitable geometry relevant to the low energy dynamics of Gold-
stone bosons is therefore given by a coset space G/H. We shall consider such a
geometric notion of spontaneous symmetry breaking in the following.

Coset manifolds

Consider a compact Lie group G and a subgroup H ⊂ G. As discussed in
Chapter 12, G can be interpreted as a nice differentiable Riemannian manifold.
Every element of the group, g ∈ G, corresponds to a point of the manifold.
Now, we identify a point g with gh where h ∈ H. In other words, we impose
equivalence g ∼ gh on the manifold G. This leads to a smaller manifold G/H,
called a coset manifold. The dimension of G/H is given by

dimG/H = dimG− dimH . (14.55)

Using the previous notation (14.38) for generators, we find that the group
elements are expressed as g ≈ 1 + iTAθA, h−1 ≈ 1 − itαθα and gh−1 ≈
1 + iTAθA − itαθα. Thus, infinitesimally (near the origin at θA = 0), the
dimension of the coset space is given by dim(TA − tα) and, hence, by (14.55).

Functions on the G/H space must obey f(gh) = f(g). In other words, func-
tions on G/H can be obtained as H-invariant functions on G. As discussed in
Section 13.1, thanks to the Peter-Weyl theorem, these functions form a com-
plete set. This is a well-known result in representation theory of mathematics,
based on the works of Harish-Chandra, Gelfand, Naimark and others.

The Cartank-Killing metric on G is defined in Section 12.2. As shown in
(12.23) and (12.24), the metric ds2 is defined as

g−1dg = iTAEAi (θ)dθi , (14.56)

ds2 = −2Tr(g−1dg g−1dg) = EAi E
A
j dθ

idθj (14.57)

where we use the normalization Tr(tAtB) = 1
2δ
AB . The metric tensor on G is

defined by gij = EAi E
A
j . In terms of the generators ta ∈ H and Sα ∈ G−H in

(14.38), the frame field one-form g−1dg is written as

g−1dg = itaEai dθ
i + iSαEαi dθ

i . (14.58)

Using Tr(SαSβ) = 1
2δ
αβ , we can express the the frame field relevant to the G/H

space as
Eαi (g)dθi = −i2Tr(Sαg−1dg) . (14.59)

Now, under the transformation g → gh, we have

g−1dg −→ h−1g−1d(gh) = h−1g−1dg h + h−1dh , (14.60)
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Eαi (g)dθi −→ Eαi (gh)dθi = −i2Tr(Sαh−1g−1dg h)− i2 Tr(Sαh−1dh)︸ ︷︷ ︸
Tr(Sαta)=0

= −i2Dαβ(h)Tr(Sβg−1dg)

= Dαβ(h)Eβi (g)dθi (14.61)

where Dαβ(h) denotes the adjoint representation of Sα,

hSαh−1 = Dαβ(h)Sβ . (14.62)

Notice that Dαβ(h) has orthogonality Dαβ(h)Dαγ(h) = δβγ . Therefore the
metric on G/H is defined as

ds2 = Eαi (g)Eαj (g) dθidθj

= Eαi (gh)Eαj (gh) dθidθj . (14.63)

Note that for unitary groups the orthogonality relation should be written as
D∗αβ(h)Dαγ(h) = δβγ with (h∗)T = h† = h−1. Accordingly, the product of
Eαi E

α
j should be interpreted as E∗αi Eαj in such cases.

For G = SU(2) and H = U(1), the coset manifold becomes two-sphere
S2. As explicitly shown in (12.43), the metric on SU(2)/U(1) can naturally be
extracted from the Cartan-Killing metric on SU(2). To recapitulate, the metric
on G = SU(2) is parametrized as

g =
1√

1 + zz̄

(
1 z
−z̄ 1

)(
eiθ/2 0

0 e−iθ/2

)
, (14.64)

ds2
SU(2) = −2Tr(g−1dg g−1dg)

= 4
dzdz̄

(1 + zz̄)2
−
(
zdz̄ − z̄dz

1 + zz̄
+ idθ

)2

(14.65)

where the first term in (14.65) corresponds to the metric on S2 = SU(2)/U(1):

ds2
SU(2)
U(1)

= 4
dzdz̄

(1 + zz̄)2
. (14.66)

Going back to the effective Hamiltonian (14.50), Heff ∼ Tr(R−1ṘR−1ṘW ),
we find that it is proportional to the metric on G/H. Notice that in this case we
have G = O(N) and H = O(N − 1). Generally, the metric on G/H is defined
as

ds2 = GAB(θ) dθAdθB (14.67)

where GAB(θ) is the metric tensor on G/H as a function of a real parameter
θA (A = 1, 2, · · · ,dimG− dimH). There exists a theorem regarding low energy
dynamics of Goldstone bosons. In terms of the above notations, it can be stated
as follows:
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If a continuous symmetry G is spontaneously broken down to a sub-
group H ⊂ G (a little group of 〈Ω|φ|Ω〉 is H), then

1. there exist dimG− dimH Goldstone bosons (with no gap);

2. low-energy dynamics of Goldstone modes is given by an effec-
tive Lagrangian

Leff =
v2

2

(
GAB(θ)θ̇Aθ̇B −GAB(θ)∇θA∇θB

)
=

v2

2
GAB(θ) ∂µθ

A∂µθ
A (14.68)

where GAB(θ)dθAdθB is the metric on the coset space G/H.

Example 1: Heisenberg ferromanget

As discussed in the beginning of this chapter, the simplest example of spon-
taneous symmetry breaking is given by the Heisenberg ferromanget. In this
model, there exists a transition temperature Tc below which spontaneous sym-
metry breaking of O(3)→ O(2) occurs so that nonzero net magnetization arises
below Tc. The relevant coset space is O(3)/O(2) = S2 and there emerge two
Goldstone modes, also known as spin waves in this particular case.

As shown in (14.66), the S2 metric is given by 4 dzdz̄
(1+zz̄)2 . Spin wave dynamics

is then described by an effective Hamiltonian

Heff = α

∫
d3x

(
Ż ˙̄Z

(1 + ZZ̄)2
+
∇Z∇Z̄

(1 + ZZ̄)2

)
(14.69)

where α is some constant and the complex scalar field Z denotes spin waves.
The corresponding Lagrangian is given by

Leff = α
∂µz ∂µz̄

(1 + zz̄)2
. (14.70)

Using Heff or Leff , we can carry out relativistic calculations of low energy spin-
wave dynamics.

Example 2: Chiral symmetry breaking of strong interactions

The SU(3)L×SU(3)R chiral symmetry of quantum chromodynamics (QCD)
is spontaneously broken to SU(3)V by the effects of strong or gluonic interac-
tions.

G = SUL(3)× SUR(3) −→ SUV (3) (14.71)

The coset space of interest is G/H = SU(3) and there are eight Goldstone
bosons. These correspond to the pseudoscalar octet mesons π±, π0, K0, K0,
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K+, K− and η. As discussed earlier, the initial symmetry G is imperfect due to
mass differences among light quarks. Thus these mesons are not true Goldstone
bosons. They are in fact massive and are called pseudo-Goldstone bosons. The
actual masses are listed in Table 5.2. Notice that these masses are well below
the strong interaction scale, approximately 1 GeV. In terms of the hierarchy of
interactions which we have discussed in (13.41), we can therefore interpret these
mesons massless in the region where electroweak interactions are negligible. In
other words, in the limit of no electroweak effect where the electroweak couplings
and the quark masses are taken to zero, the pseudo-Goldstone bosons should
become the true Goldstone bosons.

The (pseudo) Goldstone particles can be represented by U , an element of
SU(3). Let (gL, gR) be an element of the chiral symmetry group SUL(3) ×
SUR(3). Then the chiral transformations of U are given by

U → U ′ = gLUg
†
R . (14.72)

Choosing the vacuum as 〈Ω|U |Ω〉 = 1 shows that gL = gR is the isotropy
group of the vacuum. This gives H = SUV (3), the vector subgroup of G =
SUL(3)×SUR(3). Thus, from (14.68), we can construct the effective Lagrangian
for the pseudoscalar octet mesons as

Leff = f2
π Tr(∂µU

†∂µU) (14.73)

where fπ is some constant.

14.3 Sigma models and patterns of G→ H

Let xµ(t) be a trajectory of a point particle on a Riemannian manifold M.
Namely, it provides a mapping xµ(t) : R→M. The geodesic equation is given
by the extremization of the action

S =
1

2

∫
dt gµν

∂xµ

∂t

∂xν

∂t
(14.74)

where gµν denotes the metric tensor of M. Now consider a mapping from a
spacetime to a coset space,

φA(x) : R4 −→ G/H . (14.75)

The corresponding action that is analogous to the geodesic version (14.74) can
be written as

S =
1

2

∫
d4xGAB∂µφ

A∂µφ
B (14.76)

where GAB∂µφ
A∂µφ

B denotes the metric of G/H. This action is proportional
to the effective action for Goldstone bosons (14.68).
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Sigma models

To generalize, the action (14.76) can be expressed as

S =
1

2

∫
d4xGAB∂aφ

A∂bφ
B
√
−detg gab (14.77)

where φA(x) gives a mapping from a Riemannian manifold N with metric gab

to another Riemannian manifold M with GAB

φA(x) : N −→ M . (14.78)

The action (14.77) defines a sigma model onM. Classical solutions to the sigma
model, which are obtained by extremization of (14.77), are called Harmonic
maps. N andM are called a base space and a target space of the sigma model,
respectively. As mentioned above, the action (14.76) is proportional to the
effective action for Goldstone bosons. Thus we can conclude that low energy
dynamics of Goldstone bosons is given by a sigma model with G/H as the target
space.

Patterns of G→ H

We now consider how to enforce a required pattern of G→ H. Once such a
pattern is determined, we can construct HamiltonianH (or Lagrangian L) of the
spontaneous symmetry breaking, satisfying [H, Qa] = 0 (or [L, Qa] = 0) where
Qa is a generator of the symmetry group G. As we have seen so far, our strategy
is to start with a vector field φ which is in the irreducible representation of a
Lie group G. We then consider a nonzero vacuum expectation value 〈Ω|φ|Ω〉 =
φ0 6= 0 such that an isotropy group of φ0 is the Lie subgroup H ⊂ G. Namely,
φ0 is invariant under h-transformations (h ∈ H). This means that φ0 is a singlet
under h. Thus, group theoretically, the required pattern of G→ H is given by
reducing representations of G into those of H.

For example, consider the simple case G/H = SU(2)/U(1). In this case, the
h-transformations corresponds to the σ3 action on φ where σi denotes the 2× 2
Pauli matrices (i = 1, 2, 3). In the real 2 representation (or the ordinary spin- 1

2
representation), there are no singlets under the action of

h =

(
eiθ 0
0 e−iθ

)
(14.79)

unless θ = 0. The first nontrivial case is given by the 3 representation or the
spin-1 representation. Under the σ3 action, this decomposes as 3→ 2⊕1 so that
the vacuum expectation value can be chosen as φ1

0 = φ2
0 = 0 and φ3

0 = v 6= 0.
The potential term which brings about the spontaneous symmetry breaking is
then given by V = λ(φaφa − v2)2 with λ > 0 and a = 1, 2, 3. The potential
V corresponds to the simplest case of the O(N) Hamiltonian considered in
(14.25). Requirement of V being invariant under G = SU(2) ' SO(3) leads to
φaφa = v2 where φa = Rabφ

b
0, with Rab denoting an SO(3) rotation operator.
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From the condition φ2 = v2, we find that the coset SU(2)/U(1) is geometrically
equivalent to the two-sphere S2.

Secondly, consider the case of G/H = SU(3)/SU(2). Goldstone bosons
are denoted by complex fields φa which are in an irreducible representation of
SU(3). The 3 representation of SU(3) splits into representations of SU(2) as

3 = 2 ⊕ 1 .
SU(3) SU(2)

(14.80)

Since it includes the singlet 1 of SU(2), we can take V = λ(φ∗aφa − v2)2

(a = 1, 2, 3) as a potential for the spontaneous symmetry breaking of SU(3)→
SU(2). As before, the value of v is determined by the classical vacuum φa0 , e.g.,
φ1

0 = φ2
0 = 0 and φ3

0 = v. This leads to the condition φ∗aφa = v2, i.e.,

(Reφ)a(Reφ)a + (Imφ)a(Imφ)a = v2 (14.81)

for a = 1, 2, 3. Thus we find that the coset SU(3)/U(2) is geometrically equiv-
alent to the five-sphere S5.

Lastly, we consider spontaneous symmetry breaking of

SU(3) −→ SU(2)× U(1) ' U(2) . (14.82)

In terms of the Gell-Mann matrices λa (a = 1, 2, · · · , 8) in (1.49), the SU(1)
and U(1) part of the SU(3) algebra are assigned by (λ1, λ2, λ3) and λ8, respec-
tively. As in the case of (14.80), the 3 representation of SU(3) decomposes into
representations of SU(2)× U(1) as

3 = (2, 1
2
√

3
) ⊕ (1,− 1√

3
)

SU(3) SU(2)× U(1)
(14.83)

where the U(1) representation is labeled by the corresponding value of λ
8

2 which
is known as the hypercharge in particle physics. Neither of the right-hand side
terms in (14.83) is a singlet of H = SU(2)×U(1). In order to obtain a required
pattern of spontaneous symmetry breaking (14.82), we need to decompose an
SU(3) irreducible representation such that it includes a singlet of SU(2)×U(1).

For this purpose, consider the relation

3 ⊗ 3∗ = 1 ⊕ 8
SU(3) SU(3)

(14.84)

where 1 denotes the singlet of SU(3). We then consider the decomposition
of the adjoint representation 8. Using the tensor analysis we can split this
representation as

T ab −→ Tαβ + Tα3 + T 3
α + T 3

3 (14.85)

where a, b = 1, 2, 3 and α, β = 1, 2. In terms of the SU(2) representation this is
written as

8 = 3 ⊕ 2∗ ⊕ 2 ⊕ 1 .
SU(3) SU(2)

(14.86)
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Including the hypercharge contributions, this leads to

8 = (3, 0) ⊕ (2∗,− 3
2
√

3
) ⊕ (2, 3

2
√

3
) ⊕ (1, 0)

SU(3) SU(2)× U(1)
(14.87)

which contains the singlet of H = SU(2)× U(1). Thus, we can construct a set
of Goldstone bosons φA (A = 1, 2, · · · , 8) with a potential V = λ(φAφA − v2)2

and φ8
0 = v, φa0 = 0 (a = 1, 2, · · · , 7). The invariance of the potential under

G leads to φAφA = v2. Thus, as in the previous case, we can naively think
of φA as coordinates of S7. But this is not correct since the coset space of
interest is four-dimensional. The singlet (1, 0) is not sensitive to the SU(2)
transformations. Upon these constraints we can properly consider the dimension
of φA and, indeed, we find that φA correspond to coordinates of the coset space

SU(3)

SU(2)× U(1)
' SU(3)

SU(2)

/
U(1) ' S5/S1 = CP2 . (14.88)

Complex projective spaces

To visualize a projective space, let us identify a line in R3 as the same. This
means that a two-dimensional projective space can be considered as a set of all
straight lines in R3. Namely, S2 modulo antipolar point gives a real projective
space RP2. Another way of saying this is that RP2 is defined by

xa ∼ αxa (α ∈ R, α 6= 0) (14.89)

where a = 1, 2, 3.

Complex version of the relation (14.89) is written as

za ∼ λza (λ ∈ C, λ 6= 0) (14.90)

where λ is a nonzero complex number. Real part of λ can be fixed by a choice
of normalization

z∗aza = 1 . (14.91)

This means that the complex coordinate za and its conjugate define a five-sphere
S5. But za still has a phase degree of freedom, i.e., za → eiθza. Thus, this leads
to the coset space S5/S1. By definition, this is a complex projective space CP2,

S5/S1 = CP2 . (14.92)

In this particular case, it is also called the complex projective plane.

Generally, the complex projective space CPN is defined by N + 1 non-zero
complex variables za (a = 1, 2, · · · , N+1) which satisfy the projection condition
(14.91). In terms of coset spaces, CPN is expressed as

CPN = S2N+1/S1 ' SU(N + 1)

U(N)
. (14.93)



Chapter 15

Solitons

15.1 The sine-Gordon solitons

Solitons are classical solutions of nonlinear equations. In this section, we con-
sider (1 + 1)-dimensional solitons in the so-called sine-Gordon model. The La-
grangian of this model is given by

L =
1

2

(
φ̇2 − φ′2

)
− λ(1− cosφ) (15.1)

where φ̇ = ∂
∂tφ(t, x) and φ′ = ∂

∂xφ(t, x). λ is a positive constant. The equation
of motion then becomes

φ+ λ sinφ = 0 (15.2)

where = ∂2
t − ∂2

x. This is called the sine-Gordon equation. For λ = 0, this
reduces to the massless Klein-Gordon equation. (The term “sine-Gordon” is
named after this fact.) The corresponding Hamiltonian is given by

H =

∫
dx

(
φ̇2 + φ′2

2
+ λ(1− cosφ)

)
. (15.3)

Consider one class of solutions to the sine-Gordon equation (15.2). For small
φ, we have ( φ + λφ) + O(φ3) = 0. Since H is positive, we have finite energy
solutions by imposing the boundary conditions

φ′ → 0 as x→ ±∞ ,
(1− cosφ) → 0 as x→ ±∞ .

(15.4)

For such solutions, φ(±∞) = 2πn (n = 0,±1,±2, · · · ) is allowed. For example,
we can fix the boundary by

φ(−∞) = 0 , φ(∞) = 2π . (15.5)
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Notice that classical evolution of φ is a smooth deformation of φ. Thus, if such
a solution exists, classically this is absolutely stable.

The solution (15.5) in particular is called a kink. Under smooth deformations
of φ, the kink can move but it never goes away. Namely, the kink configuration
is conserved. The number of kinks is then defined by

Q =
φ(+∞)− φ(−∞)

2π
. (15.6)

This is called the soliton number. The case of (15.5) corresponds to Q = 1.
Since the soliton number is conserved, we can interpret it as a charge. Thus Q
can also be expressed as

Q =
1

2π

∫ ∞
−∞

∂φ

∂x
dx ≡

∫
J0 dx (15.7)

where J0 = 1
2π∂xφ denotes a charge density. The corresponding current vector

is defined by

Jµ =
1

2π
εµν∂νφ . (15.8)

Conservation of the current can easily be checked as

∂µJµ =
1

2π
εµν∂µ∂νφ = 0 . (15.9)

These results are obtained without using the equations of motion. This
is a peculiarity of solition solutions. Namely, we do not use symmetries but
only topological constraints to show the conservation of Q. This is therefore a
mathematical identity. For example, a Q-soliton solution φ in general always
has a freedom to add an extra field χ, satisfying χ(−∞) = χ(+∞) = 0 because

for φ̃ = φ+ χ we can calculate the charge Q̃ as

Q̃ =
1

2π

∫
dx(∂xφ+ ∂xχ)

= Q+
1

2π

∫
dx∂xχ = Q . (15.10)

The essence of these soliton solutions is the fact that the Q = 1 solution (15.5)
is allowed.

We now introduce the field

u(x) = exp(iφ) (15.11)

with u(−∞) = u(∞) = 1. Using this parametrization, we have φ̇ = −iu†u̇,
φ′ = −iu†∂xu. The Hamiltonian (15.3) is then written as

H =

∫
dx

[
1

2
u̇†u̇+

1

2
∂xu

†∂xu+ λ

(
1− u+ u†

2

)]
. (15.12)
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In terms of u(x), the configuration of φ is described only by a circle. The energy
density then becomes a function on an S1-valued function,

u(x) : R −→ S1 . (15.13)

To visualize Q-soliton solutions, we can naturally interpret Q = 1
2π

∫
dx∂xφ

as a winding number which counts how many times φ(x) winds around the S1 as
we go from x = −∞ to x = +∞. By definition, this Q is an integer and Q̇ = 0
identically. As long as u(x) keeps the S1 structure, coming back to u(+∞) = 1,
this result still holds, even with perturbation. Quantum mechanically, one must
calculate an action for connecting different Q’s. There are, however, no finite
action configurations of this sort (in the Euclidean metric). Thus Q is preserved
under quantum mechanical time evolution as well.

Properties of the current

Jµ =
1

2π
εµν ∂νφ = − i

2π
εµν u

†∂νu (15.14)

are summarized as follows.

1. ∂µJµ = 0. This is an identity. We do not need to use the equations of
motion.

2. Q =
∫
J0dx is a winding number for the mapping u(x) : R→ S1.

3. Variation of Jµ is a total derivative. Q is therefore a topological invariant.

Existence of solution

Consider a set of all functions u(x) : R→ S1. This forms an∞-dimensional
space which consists of an infinite number of disconnected sectors, see Fig. 15.1.

In the following, we consider static solutions. The static Hamiltonian is
given by

H =

∫
dx

(
1

2
(∂xφ)2 + λ(1− cosφ)

)
. (15.15)

Let C1 denote the configuration of φ in the sector of Q = 1. Then the Hamilto-
nian gives a mapping H : C1 → R. By picking a configuration which minimizes
H, we can find a solution. This, of course, leads to the static sine-Gordon
equation

−∂2
xφ+ λ sinφ = 0 . (15.16)

General solutions to this can be given by

φ = b tanh ax + c (15.17)

where a, b, c are, in general, λ-dependent constants. Imposing the boundary
conditions (15.5), the solutions become

φ = π + π tanh ax . (15.18)
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Figure 15.1: ∞-dimensional space that consists of disconnected sectors

Under Lorentz transformations, we can also obtain a moving solution

φ = π + π tanh a
(x− vt)√

1− v2
. (15.19)

This describes a solitary wave and this is why the solution is called a soliton.
Owing to solitary properties, the shape of solitions is superposed upon collision
and the total charge Qtot should be conserved. For a soliton-antisoliton collision,
we have Qtot = 0, that is, the two solitary waves annihilate each other. In this
sense, solitons are quite a bit like particles.

15.2 Solitons in (3+1) dimensions

In this section, we consider solitons in spatial three dimensions. Let xi (i =
1, 2, 3) be coordinates on R3. In terms of xi, a three-sphere S3 can be parametrized
as

yi =
2xi

1 + x2
, y4 =

1− x2

1 + x2
. (15.20)

Using the stereographic projection of S3 (see Fig. 15.2), we can then identify
configurations on R3 which have the same boundary value (at spatial infinity)
as configurations on a three-sphere S3. Notice that this is a one-dimensional
higher version of the stereographic projection for S2 considered in (12.44).

Since S3 ' SU(2), we can use the element g ∈ SU(2) to represent the
coordinates on S3. The element satisfies g†g = 1 and detg = 1. In terms of the
2× 2 Pauli matrices σi, it is parametrized as

g(x) = a(x) + ibi(x)σi (15.21)
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Figure 15.2: Stereographic projection for the three-sphere y2
i + y2

4 = 1

where a, bi (i = 1, 2, 3) are functions of ~x, satisfying

a2 + b2i = 1 . (15.22)

This means that g(x) gives a mapping

g(x) : R3 −→ S3 . (15.23)

We can think of it as an analog of u(x) in (15.13).

In the case of u(x), the current is defined by (15.8). Similarly, we can guess
the corresponding current in (3+1)-dimensions as

Jµ = C εµναβTr
[
g−1∂νg g

−1∂αg g
−1∂αg

]
(15.24)

where C is some constant. What we would like to check in the following is
whether Jµ is conserved or not without using any equations of motion. Using
the relation

∂µ(g−1∂νg) = −g−1∂µg g
−1∂νg + g−1∂µ∂νg (15.25)

and antisymmetric properties in the indices (µναβ), we find

∂µJµ = −C εµναβTr (IµIνIαIβ + IνIµIαIβ + IνIαIµIβ) (15.26)

where Iµ ≡ g−1∂µg. The first term is calculated as

εµναβTr(IµIνIαIβ) = εµναβTr(IβIµIνIα) = −εβµναTr(IβIµIνIα)

= −εµναβTr(IµIνIαIβ) = 0 . (15.27)

Similarly, we find that the rest of the terms also vanish. Thus, the current is
indeed conserved, ∂µJµ = 0.

As in the previous section, the associated charge is defined as

Q[g] =

∫
d3xJ0 = C

∫
d3x εijkTr(IiIjIk) (15.28)
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where Ii = g−1∂ig. Now consider the transformation g → gh where h is another
element of SU(2). Since Ii transforms as

Ii = g−1∂ig −→ h−1(g−1∂ig)h+ h−1∂ih = h−1(Ii + ∂ihh
−1)h , (15.29)

the soliton number becomes

Q[gh] = C

∫
d3x εijkTr

[
(Ii + ∂ihh

−1)(Ij + ∂jhh
−1)(Ik + ∂khh

−1)
]

= C

∫
d3x εijkTr(IiIjIk)

+C

∫
d3x εijkTr(∂ihh

−1IjIk + Ii∂jhh
−1Ik + IiIj∂khh

−1)

+C

∫
d3x εijkTr(∂ihh

−1∂jhh
−1Ik + ∂ihh

−1Ijdkhh
−1 + Ii∂jhh

−1∂khh
−1)

+C

∫
d3x εijkTr(∂ihh

−1∂jhh
−1∂khh

−1)

= Q[g] +Q[h] + 3C

∫
d3x εijkTr(∂ihh

−1IjIk + ∂ihh
−1∂jhh

−1Ik) . (15.30)

The integrand of the last term is a total derivative. This can be seen as follows.
Notice that

∂j(∂ihh
−1) = ∂j∂ihh

−1 + ∂ih∂jh
−1

= ∂j∂ihh
−1 − ∂ihh−1∂jhh

−1 , (15.31)

∂jIk = −g−1∂jg g
−1∂kg + g−1∂j∂kg . (15.32)

Then, we find

3C

∫
d3x εijkTr(∂ihh

−1IjIk + ∂ihh
−1∂jhh

−1Ik)

=

∫
d3x ∂j

[
−3C εijkTr(∂ihh

−1 g−1∂kg)

]
= 0 . (15.33)

Thus Q[gh] is calculated as

Q[gh] = Q[g] + Q[h] . (15.34)

If h is a small perturbation (close to the identity for all ~x), then Q[h] = 0.
Namely, Q[gh] = Q[g] in this case. This means that Q[g] is invariant under
small deformations of g. In other words, Q[g] is a topological invariant for the
map g(x) : R3 → SU(2).

In terms of the parametrization (15.21), a particular configuration is given
by

g1(x) = a1(x) + ib1i(x)σi (15.35)
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where

a1(x) =
1− x2

1 + x2
, b1i(x) =

2xi
1 + x2

. (15.36)

Namely, we choose these parameters as coordinates on S3 defined in (15.20).
Thus, by construction, the winding number should be one, i.e., Q[g1] = 1.
Since the volume of S3 is 2π, using the above parametrization, we can fix the
normalization factor of Q[g] as

Q[g] =
1

24π2

∫
d3x εijkTr(g−1∂ig g

−1∂kg g
−1∂kg ) . (15.37)

In terms of this Q[g], the above arguments are summarized as

Q[1] = 0 , Q[g1] = 1 . (15.38)

From (15.34), the winding number for g2 = g1g1 becomes

Q[g2] = Q[g1] +Q[g1] = 2 . (15.39)

Similarly, we can obtain configurations for Q[g] = 3, 4, · · · . Using the identity
1 = g−1

1 g1, on the other hand, we find Q[1] = Q[g−1
1 ] +Q[g1] = 0, i.e.,

Q[g−1
1 ] = −1 . (15.40)

To summarize, the winding number takes a value of integer Q[g] ∈ Z. Accord-
ingly, there exist infinite configurations for the map g(x) : R3 → SU(2) = S3,
with g(x) → 1 (or any fixed value) as |x| → ∞. As discussed in the previous
section, a set of all such maps form an infinite dimensional space which consists
of disconnected sectors, see Fig. 15.1. Notice that if the boundary of the base
space is homogeneous the above map can be expressed as g(x) : S3

x → S3
g . This

allows us to associate the winding number to a homotopy class in mathematics.

Invariance of Q under coordinate transformations can explicitly be shown as
follows. We first define the coordinate transformation xi → x′i by Mm

i = ∂xm

∂x′i .
Then we have I ′i = g−1 ∂g

∂x′i = g−1 ∂g
∂xm

(
∂xm

∂xi

)
= Mm

i Im ,
dx′i = (M−1)imdx

m ,
d3x′ = (detM−1)d3x .

(15.41)

Substituting these into (15.37), we find

Q[g(x′)] =
1

24π2

∫
(detM−1)d3x εijkM l

iM
m
j M

n
k Tr(IlImIn) = Q[g(x)]

(15.42)
where we use the identity εijkM l

iM
m
j M

n
k = detM εlmn. Q is also independent

of the metric of space. Thus, as mentioned before, it is a topological invariant.

Static solitons
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To discuss static solutions associated with the Q-soliton, one need to define
a Lagrangian or a Hamiltonian as in the case of the sine-Gordon model. A naive
guess leads to a static Hamiltonian

H[g] =
1

2

∫
Tr(g−1∂ig g

−1∂ig) d3x (15.43)

which is quadratic in spatial derivatives. For a specific function g = g̃(x), the
Hamiltonian takes a nonzero value H[g̃] 6= 0 classically. We now consider a scale
transformation

g̃(x) −→ g̃′(x) = g̃
( x
R

)
≡ g̃(y) (15.44)

where R is a positive real number and y ≡ x
R . Under this transformation, the

Hamiltonian becomes

H[g̃′] =
1

2

∫
Tr

(
g̃−1(y)

∂

∂yi
g̃(y)

R
g̃−1(y)

∂

∂yi
g̃(y)

R

)
d3y R3 = RH[g̃] . (15.45)

The Hamiltonian is linear in R under the scale transformation (15.44). This
means that there exist no minima and we can not have finite energy solutions.

Notice that the number of dimensions is crucial in deriving this result. The
winding number (15.37), which contains three derivatives in the integrand, is
thus invariant under the scale transformations:

Q[g̃′] = Q[g̃] . (15.46)

In order to obtain finite energy solutions, we need to modify the Hamiltonian.
One of such modifications is given by

H[g] =
1

2

∫
Tr(g−1∂ig g

−1∂ig) d3x +

∫
Tr(g−1∂g)4 d3x . (15.47)

Then, under the scale transformations, the above Hamiltonian can classically
be evaluated as αR + β/R where α, β > 0. Thus we have a minimum and we
can use (15.47) to obtain static solitons. The quartic term in (15.47) therefore
induces soliton solutions.

An example of (3+1)-dimensional solitions is given by the so-called skyrmions,
named after pioneering work by Skyrme. The skyrmions are considered in the
context of spontaneous chiral symmetry breaking of QCD, SU(3) × SU(3) →
SU(3). As discussed in (14.71), this leads to an effective theory for octet mesons
described by the Hamiltonian (15.43) with g ∈ SU(3). Thus, using the modified
Hamiltonian like (15.47), one can obtain static soliton solutions, the skyrmions,
which turn out to have many of the properties of baryons. The associated
winding number Q then corresponds to the baryon number of the skyrmion.

15.3 Solitons in (2+1) dimensions

In the (2+1)-dimensional case, the map of interest is given by

φa(x) : S2
x −→ S2

φ (15.48)
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where both xa and φa (a = 1, 2, 3) denote coordinates of S2, satisfying xaxa = 1,
φaφa = 1. Notice that φa are not elements of a Lie group. The target space is
now a coset space S2 = SU(2)/U(1). As before, the unit map φa = xa is given
by the stereographic projection

xi =
2yi

1 + y2
, x3 =

1− y2

1 + y2
(15.49)

where i = 1, 2, ya ∈ R3 and y2 = yaya. The volume of S2
x is given by

1
2εabcxadx

bdxc. The corresponding winding number is then defined by

Q[φ] =
1

4π
×
[
volume traced out by φa(x)

]
=

1

8π

∫
d2x εabc ∂µφ

a∂νφ
b φc εµν . (15.50)

Since Q =
∫
d2xJ0, the topological current Jα is expressed as

Jα =
1

8π
εµναεabc (∂µφ

a∂νφ
b)φc . (15.51)

The conservation of current can be seen from

∂αJ
α =

1

8π
εµναεabc ∂µφ

a∂νφ
b∂αφ

c =
3

4π
det(∂φ) = 0 (15.52)

where we use det(∂φ) = 1
3!ε

µναεabc∂µφ
a∂νφ

b∂αφ
c. Notice that det(∂φ) = 0

follows from the constraint φaφa = 1.

We now check that Q is invariant under small deformations of φa.

δQ ≡ Q[φ+ δφ]−Q[φ] =
3

8π

∫
d2x εabc δφ

a∂µφ
b∂νφ

c εµν . (15.53)

Notice that we still have the constraint (φ + δφ)a(φ + δφ)a = 1. Thus the
condition φa δφa = 0 should be imposed. We can then parametrize δφa as
δφa = εamnφmθn. Using this, (15.53) becomes

δQ =
3

8π

∫
d2x (φbθc − φcθb)∂µφb∂νφc = 0 . (15.54)

Thus Q is indeed invariant under small deformations of φa. From the same
argument in the previous section, we find Q ∈ Z as well.

Physical models

As in the (3+1)-dimensional case, we can postulate the Hamiltonian for
static solitons in the form of

H[φ] =
1

2

∫
d2x ∂iφ

a∂iφ
a . (15.55)
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In the present (2+1)-dimensional case, this Hamiltonian is scale invariant. The
Hamiltonian therefore gives finite-energy solutions for the configuration of φa

with Q 6= 0.

We now look at the following inequality∫
d2x

(
∂iφ

a − 1

8π
εabc∂jφ

bφcεij

)2

≥ 0 . (15.56)

The right-hand side is expanded as∫
d2x ∂iφ

a∂iφ
a − 2Q+

∫
d2x

(
1

8π

)2

∂iφ
b φc(∂iφ

b φc − ∂iφc φb)

= 2H[φ]− 2Q+ 2

(
1

8π

)2

H[φ] (15.57)

where we use φcφc = 1 and ∂iφ
cφc = 0. Thus we find that the Hamiltonian

(15.55) has a lower bound

H[φ] ≥ (8π)2

1 + (8π)2
Q[φ] . (15.58)

This is called the Bogomol’nyi bound. At the minimum, the equality in (15.56)
holds, i.e.,

∂iφ
a − 1

8π
εabc∂jφ

bφcεij = 0 . (15.59)

This is known as the Bogomol’nyi equations.

The existence of the Bogomol’nyi bound (15.58) explicitly shows that we can
use the Hamiltonian (15.55) to construct physical models in (2+1) dimensions.
For example, it describes two-dimensional skyrmions. As discussed in earlier
chapters, it can also be used for the study of the ferromagnet on S2 and the
quantum Hall effect.
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